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Abstract. This paper describes a generic approach to implement propositional argumentation frameworks by means of quantified Boolean formulas (QBFs). The
motivation to this work is based on the following observations: Firstly, depending
on the underlying deductive system and the chosen semantics (i.e., the kind of extension under consideration), reasoning in argumentation frameworks can become
computationally involving up to the fourth level of the polynomial hierarchy. This
makes the language of QBFs a suitable target formalism since decision problems
from the polynomial hierarchy can be efficiently represented in terms of QBF. Secondly, several practicably efficient solvers for QBFs are currently available, and
thus can be used as black-box engines in potential implementations of argumentation frameworks. Finally, the definition of suitable QBF modules provides us with
a tool box in order to capture a broad range of reasoning tasks associated to formal
argumentation.

1. Introduction
In daily life, we use arguments and counter-arguments in discussions in order to “convince” our opponent to our point of view. Argumentation frameworks [7] have been used
to formalize the reasoning underlying argumentation. They provide what “convince”
means and how arguments may be defeated by counter-arguments.
Reasoning underlying argumentation is a general principle. Many of the well-known
non-monotonic reasoning formalisms [21,23] can be faithfully interpreted within argumentation frameworks [3]. Consequently, these frameworks formalize not only the mentioned reasoning underlying argumentation, but can be used to interpret, compare, and
implement a wide range of different reasoning principles. Since the main difference between two distinct reasoning principles is the underlying derivability operator, the interpretation of both principles is generic except the definition of this operator. Therefore,
argumentation frameworks provide not only a theoretical setting for studying different
reasoning mechanisms, but also can be used as a practical underpinning for implementations. However, as shown by Dimopoulos, Nebel, and Toni [5] some combinations of
derivability operators and notions of extensions make reasoning in such argumentation
frameworks computationally involving as witnessed by hardness results up to the fourth
level of the polynomial hierarchy.
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In this paper, we propose an implementation of argumentation frameworks which
is based on the satisfiability problem of quantified Boolean formulas (QBFs), an extension of classical propositional logic in which formulas may contain quantifications over
propositional atoms. The motivation to consider QBFs for argumentation frameworks is
as follows:
First, in recent years we observed a parallel and mutually influencing development
of QBF solvers on the one hand, and design of applications, on the other hand. This situation is similar to the emerge of the success of satisfiability solvers in the mid nineties,
where first impressive results have been achieved by employing SAT solvers in the area
of planning [17,18]. Since QBFs are a more expressive language than propositional logic,
their range of application is naturally larger than that of SAT (under the reasonable assumption that reductions are computable in polynomial time). In fact, various problems
from different areas have been considered as applications for QBF, including conformant
planning problems [24], reasoning from inconsistent knowledge bases [1,2], nonmonotonic reasoning [8,13,25], verification [16,20], and theorem proving [9]. Moreover, there
has been made a significant progress in the development of QBF solvers in the last few
years [19].
Second, the different semantics captured by argumentation frameworks are all uniformly represented in our QBF setting. Our aim is, not at least, to illustrate how basic
QBF modules can be used as building blocks for assembling realizations of numerous
reasoning tasks in different instantiations of the framework. Notably, the different complexity behavior does not prohibit a uniform implementation method due to the power
of QBFs and their solvers. In fact, the high complexity of some variants together with
our encodings provide highly complex but structured problems for benchmarking QBF
solvers. Currently, such structured problems are barely going beyond the second level of
the polynomial hierarchy.
The outline of the paper is as follows. After some formal preliminaries, we start
with the description of abstract argumentation frameworks. The terminology is due to
the fact that the underlying derivability operator remains abstract in the sense that only
some necessary criteria have to be satisfied, but the operator is not specified in a concrete
way. Then we provide corresponding abstract translation schemes by means of QBFs.
Finally, we briefly describe some case studies, which instantiate the generic framework
to propositional reasoning principles. In terms of the QBF framework, this is obtained
by plugging in a QBF module which concretely describes the derivability operator of
the respective formalism. Due to space restrictions, we shall only sketch these concrete
realizations, which may serve as a basis for implementation by invoking QBF systems.

2. Formal Preliminaries
2.1. Quantified Boolean Formulas
Quantified Boolean formulas (QBFs) generalize ordinary propositional formulas by the
admission of quantifications over propositional variables. In particular, the language of
QBFs contains, for any atom p, unary operators of form ∀p and ∃p, called universal and
existential quantifiers, respectively. Informally, a QBF of form ∀p ∃q Φ means that for
all truth assignments of p there is a truth assignment of q such that Φ is true.
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An occurrence of a propositional variable p in a QBF Φ is free iff it does not appear
in the scope of a quantifier Qp (Q ∈ {∀, ∃}), otherwise the occurrence of p is bound. If
Φ contains no free variable occurrences, then Φ is closed, otherwise Φ is open. Furthermore, we write Φ[p/φ] to denote the result of uniformly substituting each free occurrence
of the variable p in Φ by a formula φ.
By an interpretation, I, we understand a set of atoms. Informally, an atom p is true
under I iff p ∈ I. In general, the truth value, νI (Φ), of a QBF Φ under an interpretation
I is recursively defined as follows:
1.
2.
3.
4.
5.
6.

if Φ = ⊤, then νI (Φ) = 1;
if Φ = p is an atom, then νI (Φ) = 1 if p ∈ I, and νI (Φ) = 0 otherwise;
if Φ = ¬Ψ, then νI (Φ) = 1 − νI (Ψ);
if Φ = (Φ1 ∧ Φ2 ), then νI (Φ) = min({νI (Φ1 ), νI (Φ2 )});
if Φ = ∀p Ψ, then νI (Φ) = νI (Ψ[p/⊤] ∧ Ψ[p/⊥]);
if Φ = ∃p Ψ, then νI (Φ) = νI (Ψ[p/⊤] ∨ Ψ[p/⊥]).

The truth conditions for ⊥, ∨, →, and ↔ follow from the above in the usual way. We
say that Φ is true under I iff νI (Φ) = 1, otherwise Φ is false under I. If νI (Φ) = 1,
then I is a model of Φ. If Φ has some model, then Φ is said to be satisfiable. If Φ is
true under any interpretation, then Φ is valid. Observe that a closed QBF is either valid
or unsatisfiable, because closed QBFs are either true under each interpretation or false
under each interpretation. Hence, for closed QBFs, there is no need to refer to particular
interpretations. Two sets of QBFs (or ordinary boolean formulas) are logically equivalent
iff they possess the same models. In the sequel, we use the following abbreviation in the
context of QBFs: For a set P = {p1 , . . . , pn } of propositional variables and a quantifier
Q ∈ {∀, ∃}, we let QP Φ stand for the formula Qp1 Qp2 · · · Qpn Φ.
In the same way as the satisfiability problem of classical propositional logic is the
“prototypical” problem of NP, i.e., being an NP-complete problem, the satisfiability
problem of QBFs in prenex form possessing k −1 quantifier alternations is the “prototypical” problem of the k-th level of the polynomial hierarchy, as expressed by the following
well-known result taken from [26].
Proposition 1 Given a propositional formula φ with its atoms partitioned into i ≥ 1
pairwise distinct sets P1 , . . . , Pi , deciding whether ∃P1 ∀P2 . . . Qi Pi φ is true is Σpi complete, where Qi = ∃ if i is odd and Qi = ∀ if i is even, Dually, deciding whether
∀P1 ∃P2 . . . Q′i Pi φ is true is Πpi -complete, where Q′i = ∀ if i is odd and Qi = ∃ if i is
even.
This complexity landscape can be extended to arbitrary closed QBFs if the maximal
number of quantifier alternations along a path in the QBF’s formula tree is taken into
account. In turn, an arbitrary QBF can be transformed into an equivalent QBF in prenex
form, although this transformation is not deterministic and crucial for the performance
of QBF solvers requiring the input formula being in prenex conjunctive normal form (for
details, see [10,11]).
Finally, we highlight the used reduction approach. Given a decision problem Π, we
aim at finding a translation scheme TΠ into closed QBFs, such that
1. TΠ (·) is faithful, i.e., TΠ (K) is true iff K is a yes-instance of Π;
2. For each instance K, TΠ (K) is computable in polynomial time with respect to
the size of K; and
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3. determining the truth of the QBFs resulting from TΠ (·) is not computationally
harder (by means of Proposition 1) than the computational complexity of Π.
2.2. Abstract Argumentation Frameworks
In this section, we introduce the notions around argumentation frameworks, where we
basically follow the definitions in [5]. Abstract argumentation frameworks are defined on
top of a deductive system (LA , R), where LA is some formal language over an alphabet
A and R is a set of inference rules inducing a monotonic derivability relation ⊢. For a
theory T ⊆ LA , we identify, as usual, its deductive closure by
Th(T ) = {α ∈ LA | T ⊢ α}.
An abstract (assumption-based) framework is a triple (T, A, (·)), where T, A ⊆ LA ,
with A being the set of assumptions, and (·) is a mapping from A to LA . For an α ∈ A,
α is the contrary of α. An extension of a framework (T, A, (·)) is a theory Th(T ∪ S)
with S ⊆ A. If no confusion can arise, an extension is often referred to as S alone. A set
S ⊆ A attacks an α ∈ A iff T ∪ S ⊢ α, and S attacks an S ′ ⊆ A iff S attacks an α ∈ S ′ .
Consequently, S attacks itself iff there exists an α ∈ S, such that S attacks α.
A set S ⊆ A is closed iff S = A∩Th(T ∪S). Frameworks, in which it is guaranteed
that each such S is closed, are called flat. Given a framework (T, A, (·)), a set S ⊆ A is
stable iff
1. S is closed,
2. S does not attack itself, and
3. S attacks each α ∈ A \ S.
A set S ⊆ A is admissible iff
1. S is closed,
2. S does not attack itself, and
3. for all closed S ′ ⊆ A, it holds that if S ′ attacks S, then S attacks S ′ .
Finally, S is preferred if it is admissible and maximal with respect to set inclusion. For
a set S ⊆ A, which is stable (resp. admissible, preferred), the extension Th(T ∪ S) is
called stable (resp. admissible, preferred).
A framework (T, A, (·)) is called normal, iff every maximal closed set not attacking
itself is stable. Finally, a framework is simple, iff, for inconsistent T , there is no admissible extension, and otherwise there exists a least admissible extension S = A ∩ Th(T ).
Given a framework (T, A, (·)), the credulous reasoning problem is to decide whether
a given ϕ ∈ LA is contained in Th(T ∪S) for some extension S. The skeptical reasoning
problem is to decide whether ϕ ∈ LA is contained in Th(T ∪ S) for all extensions S.
The attentive reader might have observed that we did not define what kind of derivability operator is associated with the abstract argumentation framework. This is not an
error but a feature. In the next section, we will continue with a translation of abstract
argumentation frameworks to QBFs. These translations will again be independent from
a concrete derivability operator which will come into the play when we instantiate the
framework.
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3. Abstract Translation Schemes to QBFs
In this section we discuss the general encodings, leaving the concrete check for the derivability operator ⊢ unresolved. Afterwards we shall present some concrete realizations in
detail.
Given the propositional language LA underlying an argumentation framework, we
assume the language of QBFs, LQBF , implicitly as defined over a sufficiently large alphabet, consisting of all propositional atoms A in LA plus a set of additional mutual
disjoint guessing variables G = {gα | α ∈ LA } which we duplicate whenever needed,
i.e., G′ = {gα′ | α ∈ LA }, G′′ = {gα′′ | α ∈ LA }, etc. Indeed, we shall use subsets of
the guessing variables to guess subsets S ⊆ LA . Given an interpretation I and a subset
S ⊆ LA , we say that I characterizes S via G iff it holds that gα ∈ I iff α ∈ S.
First, we define an abstract QBF module for encodings of ⊢, which is later replaced
by concrete instantiations. Then we provide the general encodings for checking closure,
the notion of attacking, and for characterizing stable, admissible, and preferred extensions. Afterwards, we briefly discuss simplifications for frameworks which are flat, normal, or simple.
Definition 1 Let (LA , R) be a deductive system with an induced derivability relation ⊢,
let T, A ⊆ LA , and α ∈ LA . Moreover, let 2LA denote the power set of LA . Then a
function
fG :

2LA × 2LA × LA 7→ LQBF

is called an encoding for ⊢, iff
1. f G (T, A, α) has free variables G = {ga | a ∈ A}, and,
2. for each interpretation I characterizing S via G, it holds that f G (T, A, α) is true
under I iff T ∪ S ⊢ α .
As an example, consider some theory T , a set A = {β, γ}, and an encoding f G for
⊢ with free variables gβ , gγ . Now consider, f G (T, A, α) is true only under the following
interpretations (over {gβ , gγ }): I1 = {gβ }, I2 = {gγ }, and I3 = {gβ , gγ }. Now since
f G is an encoding, we derive from these models that
(i) T ∪ {β} ⊢ α,
(ii) T ∪ {γ} ⊢ α, and
(iii) T ∪ {β, γ} ⊢ α
hold, while T ⊢ α does not hold since f G (T, A, α) is not true under I4 = ∅.
We are now well prepared to characterize all necessary ingredients for characterizing
reasoning in argumentation frameworks via QBFs.
Theorem 1 Let F = (T, A, (·)) be a framework over a deductive system inducing ⊢,
f G an encoding of ⊢ with free variables G = {ga | a ∈ A}, and I an interpretation
characterizing S ⊆ A via G. Then the following holds.
1. S is closed iff I is a model of
closed G
F :=

^

a∈A


ga ↔ f G (T, A, a) .

(1)
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2. S does not attack itself iff I is a model of
noattack G
F :=

^

a∈A


ga → ¬f G (T, A, a) .

(2)

3. S is stable iff I is a model of
G
G
stable G
F := closed F ∧ noattack F ∧

^


¬ga → f G (T, A, a)

a∈A

:= closed G
F ∧

^

a∈A


ga ↔ ¬f G (T, A, a) .

(3)
(4)

4. S is admissible iff I is a model of
h
G′
G
G
′
adm G
F := closed F ∧ noattack F ∧ ∀G closed F ∧
 _
_

i
′
. (5)
ga′ ∧ f G (T, A, a)
ga ∧ f G (T, A, a) →
a∈A

a∈A

G
Observe that the third arguments in the functions f G in closed G
F and stable F are
different, i.e., we have a in (1) but a in (4). However, in some cases and in particular for
a flat framework, the test for closure (i.e., the conjunct closed G
F ) can be removed from
(4), resulting in

stable G
F :=

^

a∈A


ga ↔ ¬f G (T, A, a) .

(6)

Concerning admissible extensions, by applying Theorem 2 in [4], the encoding can
now be considerably simplified for flat frameworks.
Proposition 2 A set S ⊆ A is admissible for a flat framework (T, A, (·)), iff S does not
attack itself, and for the set S ′ = {α ∈ A \ S | S does not attack α} ∪ S, it holds that
S ′ does not attack S.
Theorem 2 Let F = (T, A, (·)) be a flat framework over a deductive system inducing
⊢, f G an encoding of ⊢ with free variables G = {ga | a ∈ A}, and I an interpretation
characterizing S ⊆ A via G. Then S is admissible iff
G
adm G
F := noattack F ∧
h^ 
 ^
i
′
∃G′
(7)
ga → ¬f G (T, A, a)
ga′ ↔ ga ∨ ¬f G (T, A, a) ∧
a∈A

a∈A

is true under I.
It remains to discuss the notion of preferred extensions. In order to encode the maximality test, which is employed to characterize preferred sets, we use the following concept.
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Definition 2 Let G = {ga | a ∈ A} and G′ = {ga′ | a ∈ A} be disjoint indexed sets of
atoms with the same cardinality. Define
G < G′ :=

^

a∈A



^
ga → ga′ ∧ ¬
ga′ → ga .
a∈A

Theorem 3 Let F = (T, A, (·)) be a framework over a deductive system inducing ⊢,
f G an encoding of ⊢ with free variables G = {ga | a ∈ A}, and I an interpretation
characterizing S ⊆ A via G. Then S is preferred iff


G′
G
′
′
pref G
F := adm F ∧ ¬∃G (G < G ) ∧ adm F
is true under I.
Observe that the entire encoding now uses three copies of guessing variables, namely
′
G, G′ , and also G′′ which occurs in adm G
F . Also note that we can choose between two
G
realizations of adm G
F to be used in pref F depending whether F is flat (Theorem 2) or
not (3. in Theorem 1). This leads to a different quantifier structure in pref G
F mirroring
the different generic complexity results for the preferability semantics as reported in
Theorem 8 in [5].
To conclude this section, we turn our attention to the basic scheme to encode the
reasoning problems. We denote by stable(F ) (resp. adm(F ), pref (F )) the set of stable
(resp. admissible, preferred) extensions of a framework F .
Theorem 4 Let F = (T, A, (·)) be a framework over a deductive system (LA , R), ϕ ∈
LA , and E ∈ {stable, adm, pref }. Then
1. ϕ is contained in some E ∈ E(F ) iff ∃G(EFG ∧ f G (T, A, ϕ)) is true;
2. ϕ is contained in all E ∈ E(F ) iff ∀G(EFG → f G (T, A, ϕ)) is true.
Recall that we have already discussed that, for flat frameworks, these encodings
can be simplified accordingly. Moreover, there exist also shortcuts with respect to the
encoded reasoning tasks. For instance, since any preferred extension is also admissible
and any admissible extension is a subset of preferred extension, deciding whether ϕ is
contained in some preferred extension is the same as deciding whether ϕ is contained
in some admissible extension, which provides an easier encoding (i.e., an encoding with
less quantifier alternations). As well, we can apply the (easier) stable encodings in order
to deal with preferred extensions in the context of normal frameworks .
Generally speaking, after translating the encodings of the reasoning tasks into prenex
normal form, we claim that our encodings are adequate with respect to the generic complexity results of abstract frameworks derived in Theorem 8 in [5], whenever an adequate
encoding for the derivability operator ⊢ is provided.

4. Examples for Encodings
In this section, we instantiate our abstract translation framework to concrete translations.
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4.1. Basic Frameworks
First, we analyze the simple framework as treated, for instance, in [6,2]. In particular,
we show that our generic approach coincides with the encodings to propositional logic
given by Besnard and Doutre in [2] and thus generalizes their methodology.
We recall the definition of this basic framework.
Definition 3 A basic argumentation framework is a pair (A, R) where A is a set of
arguments and R ⊆ A × A. If (a, b) ∈ R then we say that a attacks b. A set S ⊆ A
attacks an argument b if some a ∈ S attacks b.
The attentive reader might have observed that we used the letter A for denoting the set
of assumptions in the abstract framework as well as for denoting the set of arguments
in basic frameworks in Definition 3. We will see that this usage is not misleading because the arguments in the basic framework play the role of assumptions in the abstract
framework.
How can we represent a basic framework in our general abstract setting? We simply consider the logical system (A, ∅), that is, the arguments are our basic vocabulary
LA (i.e., a set of atomic formulas) and the set of (additional) inference rules is empty.
This choice immediately implies that (i) A ⊢ a iff a ∈ A and (ii) Th(A) = A. With
a slight abuse of notation,
we use f G (∅, A, a) := ga and, for any set of arguments
W
G
B, f (∅, A, B) := b∈B gb in the encodings. Then a basic argumentation framework
(A, R) is simulated by the general framework (∅, A, (·)) with a = {b | (b, a) ∈ R}.
Obviously, the framework is flat, and thus we can avoid the check for closure within our
encodings.
We start with stable extensions, where our encoding (6) reduces to
^
^
_


stable G
ga ↔ ¬f G (∅, A, a) :=
gb )
ga ↔ (¬
F :=
a∈A

:=

^

a∈A

ga ↔ (

a∈A

^

b:(b,a)∈R

b∈a


¬gb ) .

The latter formula coincides with the encoding from Proposition 5 in [2] by replacing
the guessing atoms ga with the corresponding atoms a, for each a ∈ A.
Admissible extensions for (A, R) are characterized using (7) from Theorem 2. By
′
evaluating f G (∅, A, a) and f G (∅, A, a), we get
adm G
F :=

^

ga → (¬

a∈A

∃G′

_

b:(b,a)∈R

h^
a∈A


gb ) ∧

ga′ ↔ ga ∨ ¬

_

b:(b,a)∈R

gb



∧

^

a∈A

ga → ¬

_

b:(b,a)∈R

gb′

i
.

Now we “plug in” the definition of the ga′ ’s from the first conjunct in the second line to
the second conjunct. We then can omit these definitions and the existential quantifiers
and get
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adm G
F :=

^

ga → ¬

a∈A

_

_
 ^ 
gb ∧
ga → ¬
a∈A

b:(b,a)∈R

gb ∨ ¬

b:(b,a)∈R

_
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gc

c:(c,b)∈R



We rewrite the second conjunct of adm G
F , viz.

_
^
_

gc
gb ∨ ¬
ga → ¬
a∈A

b:(b,a)∈R

c:(c,b)∈R

to
^ 
_
ga → ¬

a∈A

b:(b,a)∈R

 ^ 
ga → ¬
gb ∧
a∈A

_

^


¬gc .

(8)

b:(b,a)∈R c:(c,b)∈R

G
The first conjunct of this expression absorbs the first conjunct in adm G
F , and thus adm F
is equivalent to (8), which itself is equivalent (module variable renaming as in the case
of stable extensions above) to the encoding presented in [2].
Finally, for the encoding of the preferred extensions, we use a different concept as
in [2], where the preferred extensions are characterized via maximal models of propositional formulas. Since we have the full power of QBFs, we can characterize these extensions via ordinary models using our encoding schema from above. Maximality is checked
on the object level (i.e., within the resulting QBF). In particular, we get the following
theorem.

Theorem 5 Let (A, R) be an argumentation framework, F = (∅, A, (·)) the corresponding abstract framework, and adm F
G as reduced above. Moreover, let S ⊆ A, I ⊆ G, such
that a ∈ S iff ga ∈ I for each a ∈ A. Then S is preferred iff


G′
G
′
′
(G
<
G
)
∧
adm
pref G
:=
adm
∧
¬∃G
F
F
F
is true under I.
Using our generic scheme, we additionally get immediately the encodings for the
reasoning problems as discussed in Theorem 4.
4.2. Abductive Framework
We proceed with another simple framework, namely Theorist [22], which has been
shown to be captured by abstract frameworks as follows. We use (T, A, (·)), with T and
A being sets of propositional formulas. For each a ∈ A, ā is just ¬a, and ⊢ is the classical
derivability operator. We first have to encode ⊢.
Proposition 3 For any propositional theories T and A, and for any formula ϕ, let V be
the set of atoms occurring in T , A, or ϕ, and G = {ga | a ∈ A} be new atoms. Then,
 ^

^

t∧
f G (T, A, ϕ) := ∀V
(ga → a) → ϕ
t∈T

a∈A

is an encoding of classical derivability in the sense of Definition 1.
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With this instantiation, we can encode all reasoning tasks under consideration. In particular, we can characterize extensions in the sense of [22]. Such an extension is defined as
Th(T ∪ S), where S ⊆ A and S is a maximal subset of A (with respect to set inclusion), such that T ∪ S remains consistent. The relation to argumentation frameworks is
as follows.
Proposition 4 ([3]) Given a Theorist abductive framework (T, A), E is an extension of
(T, A) iff E is a stable extension of the corresponding argumentation framework.
Hence, using the concrete realization of the derivability operator from Proposition 3,
we immediately obtain an encoding for Theorist-like extensions by plugging f G into the
abstract encodings for stable expansions given in Theorem 1.
4.3. Auto-epistemic Logic
We consider auto-epistemic logic (AEL) [21] in the context of argumentation frameworks. Then AEL has as the underlying language LA a modal logic with the modal operator L, but R are the classical inference rules. As assumptions we have propositional
atoms Lα and ¬Lα. The contrary of ¬Lα is α, and the contrary of Lα is ¬Lα.
We instantiate our encodings for stable extensions following this framework. Therefore, consider F = (T, A, (·)), with T a modal theory, A containing literals Lα and
¬Lα, for each subformula Lα in T , and (·) as above. Since ⊢ is the classical inference
operator, we use fG as defined in Proposition 3. The exact relation between stable extensions of the framework and stable expansions of an auto-epistemic theory (cf. [21]) is as
follows, see Theorem 3.11 in [3].
Proposition 5 A theory E is a stable extension of the framework corresponding to a
modal theory T iff E is a consistent stable expansion of T .
Hence, our abstract encodings (together with the concrete realization for f G as defined in Proposition 3) capture stable expansions of T . Moreover, one can show that these
encodings reduce (after some simplifications) to the ones presented in [13].
However, AEL provides argumentation frameworks which are neither normal, simple, or flat. Thus, none of the previously mentioned shortcuts in the encodings can be
applied and we end up, in the worst case, with QBFs possessing up to three quantifier
alternations. In fact, this holds in the case of skeptical reasoning under preferred extensions, i.e., deciding whether a given formula ϕ is contained in all preferred extensions
of a given argumentation framework. This problem was shown to be Πp4 -complete [5]
and our encodings match this intrinsic complexity. For illustration, we briefly sketch the
structure of quantifier dependencies for the QBFs which encode this particular problem.
G
According to Theorem 4, we have formulas of the form ∀G(pref G
F → f (T, A, ϕ)).
G
Observe that pref F has negative polarity in this formula. By inspecting the quantifiers in
′
′′
pref G
F (according to Theorem 3), we get additional quantifiers ∃G ∀G the latter from
G′
the subformula adm F . The final quantifier ∃V stems from the occurrences of the en′
codings of the classical derivability (which are present in both polarities within adm G
F ),
Hence, we end up here with quantifier dependencies ∀G∃G′ ∀G′′ ∃V .

U. Egly and S. Woltran / Reasoning in Argumentation Frameworks Using QBFs

11

5. Discussion
Due to the lack of space, we just mention briefly some further potentials of our translation framework based on QBFs. As shown in [3], non-monotonic modal logics, especially auto-epistemic logic [21] can be captured via argumentation frameworks. Moreover, by the notions of admissible and preferred extensions, additional semantics for such
logics are obtained. All of these semantics in turn can then be computed via QBFs using
our generic framework. For some non-monotonic modal logics such as auto-epistemic
logic, this is more or less straight forward since the corresponding argumentation framework relies on classical derivability, which we already encoded sufficiently in Proposition 3. With the obtained encodings at hand, we may also provide an answer to a question raised in [5] where the authors ask how the preferred and admissible semantics of
auto-epistemic logic relate to the semantics of parsimonious and moderately grounded
expansions [12]. Since the latter have been reduced to QBFs in [13], we thus have a
uniform axiomatization of all the formal systems in question.
A further application is to encode different tasks for default logic [23], which is also
an instantiation of the abstract framework as shown in [3]. In this case, we have to express
a different derivability operator, namely classical logic augmented with monotonic rules.
Such an encoding has already been used in the literature, see for instance [8].
Finally, we briefly discuss an important question towards the concrete implementation of argumentation frameworks using QBF solvers. As is apparent by the presented
encodings, the resulting QBFs are not in any specific normal form. However, most of
the available QBF solvers require the input to be in prenex conjunctive normal form.
Thus, a further transformation is necessary. This transformation is usually performed in
two steps, namely prenexing and a transformation of the resulting purely propositional
matrix into conjunctive normal form. The drawbacks of this transformation are an increase in both formula size and variable number, or, even worse, the formula’s structure
is disrupted. Moreover, prenexing cannot be carried out deterministically and the chosen
normalization strategy crucially influences the runtimes (also depending on the concrete
solver used), see e.g., [10]. However, there are a few solvers which are able to handle
arbitrary QBFs (e.g., [11,14]) and recent results [15,11] show that non-normal form approaches are highly beneficial on certain instances. Future work thus includes a careful
evaluation how QBF solvers of different types behave on encodings from our framework.
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