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Abstract. Claim-augmented argumentation frameworks (CAFs) provide a formal basis to
analyze conclusion-oriented problems in argumentation by adapting a claim-focused per-
spective; they extend Dung AFs by associating a claim to each argument representing its
conclusion. This additional layer offers various possibilities to generalize abstract argu-
mentation semantics, i.e. the re-interpretation of arguments in terms of their claims can be
performed at different stages in the evaluation of the framework: One approach is to per-
form the evaluation entirely at argument-level before interpreting arguments by their claims
(inherited semantics); alternatively, one can perform certain steps in the process (e.g., max-
imization) already in terms of the arguments’ claims (claim-level semantics). The inherent
difference of these approaches not only potentially results in different outcomes but, as we
will show in this paper, is also mirrored in terms of computational complexity. To this end,
we provide a comprehensive complexity analysis of the four main reasoning problems with
respect to claim-level variants of preferred, naive, stable, semi-stable and stage semantics
and complete the complexity results of inherited semantics by providing corresponding re-
sults for semi-stable and stage semantics. Furthermore, we provide complexity results for
these types of frameworks when restricted to specific graph classes and when parameterized
by the number of claims within the framework. Moreover, we show that deciding, whether
for a given framework the two approaches of a semantics coincide (concurrence) can be
surprisingly hard, ranging up to the third level of the polynomial hierarchy.
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1 Introduction

Argumentation is an increasingly important research area within Al [1]. Among the most
prominent approaches to handle inconsistent and conflicting statements is abstract argu-
mentation [2] which is nowadays acknowledged as one of the core reasoning mechanisms for
argumentation. In his seminal paper, Dung has proposed several argumentation semantics
which have been adopted subsequently in several formalisms [3, 4]. Over the past decades,
many more semantics entered the stage, each of which contributes to the rich and diverse
landscape of argumentation semantics [5]. By now, the broad variety of semantics for ar-
gumentation offers many choices to model argumentative settings as needed. Despite of all
differences, most of the argumentation semantics have something in common: their high com-
putational complexity. Indeed, it has been shown that deciding credulous as well as skeptical
acceptance of arguments but also the verification of sets of jointly acceptable arguments is
computationally expensive, ranging up to the second level of the polynomial hierarchy [6].

Although a lot of effort has been invested in exploring the computational complexity of
the semantics in terms of arguments, only little is known about the complexity of evaluating
argumentative settings in terms of the claims of the arguments. Generally speaking, the
claim of an argument is the statement it intends to justify. Ultimately, an argumentative
analysis aims to identify justifiable assertions; hence the evaluation of claim acceptance is
an essential part of argumentative reasoning.

As recently addressed in the literature, there are several ways to transfer argument ac-
ceptance to claim acceptance [7, 8|. Let us outline two intuitive approaches in the general
schema to instantiate argumentation frameworks, so called instantiation procedures (see e.g.
[9, 10, 4, 11]). This instantiation process starts from a (typically inconsistent) knowledge
base, from which possible arguments are constructed. An argument consists of a claim and
a support, the latter being a subset of the knowledge base. The relationship between ar-
guments is then settled, for instance an argument o attacks argument g if the claim of «
contradicts (parts of) the support of 5. As soon as all arguments and attacks between ar-
guments are given, one abstracts away from the contents of the arguments. The resulting
network is then interpreted as an abstract argumentation framework (AF) and semantics
for AF's are used to obtain a collection of jointly acceptable sets of arguments, commonly
referred to as extensions. One of the most famous argumentation semantics are preferred
semantics which return maximal admissible (i.e., conflict-free and self-defending) sets of ar-
guments. To obtain the preferred set of claims, these extensions are then reinterpreted in
terms of the claims of the accepted arguments, thus restating the result in the domain of
the initial setting. We recall two natural choices to obtain our desired preferred claim-sets.
When looking for preferred extensions in terms of claims, we can either

(a) take the preferred extensions of the AF and replace each argument by its claim, or

(b) take the admissible sets of the AF, replace each argument by its claim, and then select
the subset-maximal ones from the resulting set of extensions.

Option (a) which we shall call inherited semantics in what follows, is often used implicitly
in instantiation-based argumentation and has been explicitly studied in [12]. This approach
resembles reasoning methods in rule-based formalisms such as ASPIC+ [4]. Option (b) has
recently been advocated in [8] as an alternative way to lift concepts behind argumentation
semantics to claim-based semantics; we will refer to the latter as claim-level semantics since
parts of the semantic selection process takes place on the claim- rather than on the argument-
level. Hence, these two approaches provide different methods in order to accomplish the final
steps in the instantiation process, i.e., evaluating the abstract framework and provide the
extensions in terms of the accepted claims. Understanding the complexity of this part in



the instantation is crucial towards the design of advanced argumentation systems. Inves-
tigating this final step independently from the entire process has the clear advantage that
results are not restricted to a particular formalism (e.g., ASPIC+) and are thus of general
nature. Furthermore, as discussed in [13], there are logic programming semantics that, in
the standard instantiation model [14, 10], correspond to claim-level semantics and cannot be
captured with inherited semantics.

Example 1. Consider the following AF where each node represents an argument and the
edges representing their relations, i.e., attacks between them. Each argument is labelled with
its respective claim, i.e., arguments a; and ag are assigned claim a, arguments by and by are
assigned claim b and arguments c; and dy are assigned claims ¢ and d respectively.

(@2) a
@y —t)— ? )b
a b c d

Evaluating the AF with respect to the admissible semantics, ignoring the claims, yields
0,{ar}, {b1}, {b2},{a1,b2},{b1,b2},{az2,b1},{a1,ba,c1}, and {az,b1,b2}. To obtain the pre-
ferred claim-sets one can now select the subset-maximal sets and then replace each argument
by its claim (option (a)), yielding {a,b,c},{a,b}; observe that swapping those steps (option
(b)) results in the unique claim-set {a,b, c}.

In [12], it has been shown that inherited semantics are in general of higher computational
complexity than their argument-based counterparts. In particular the verification problem is
computationally more expensive. While the computational complexity of inherited seman-
tics has already been investigated for many argumentation semantics, the computational
complexity of claim-level semantics has not been studied so far. As we already observed in
the above example, the two approaches to evaluate the framework with respect to preferred
semantics yield different results. A detailed analysis of the differences between these two
approaches was provided in [8], also showing that there are some semantics where the two
approaches coincide when arguments with the same claim attack the same arguments (this
property is commonly referred to as well-formedness). What remains open is the question
whether this difference is mirrored in terms of computational complexity. In that matter, we
are in particular interested in deciding whether these approaches yield the same result in a
given framework. Hence apart from the classical decision problems of deciding credulous and
skeptical acceptance, verification of acceptance for a given claim set, and deciding whether
a non-empty set of acceptable claims exist, we furthermore consider the question of how
hard it is to decide whether two different approaches of a semantics deliver the same result.
We call this decision problem concurrence of two frameworks. As sketched above, there are
some situations in which inherited and claim-level semantics yield the same outcome; namely
in case the considered argumentation framework satisfies well-formedness which is a certain
structural restriction that appears naturally in many instantiation procedures. Tying into
this, as many of the obtained results will conclude intractability, considering specific graph
classes or parameterized decision problems can be useful. This has been done for AFs [15]
and for some inherited semantics [12], but is still an open question for some of the other
common semantics that output claim-sets as result of their evaluation.

We tackle these three questions via a thorough complexity analysis. To be independent
from a particular instantiation schema, we consider claim-augmented frameworks (CAF's) [12],
which are AFs where each argument is assigned a claim (indeed Example 1 provides an ex-
ample for a CAF).

Our main contributions are as follows:



e We settle the computational complexity of all the claim-level semantics, i.e. stable,
naive, preferred, semi-stable, and stage semantics, introduced in [8] for the main de-
cision problems of credulous and skeptical acceptance, verification, and testing for
non-empty extensions. Among our findings is that for naive semantics, the claim-level
variant is harder than its inherited counterpart, while for preferred semantics, it is the
inherited variant that shows higher complexity.

e We also provide complexity results for inherited semi-stable and stage semantics which
have not been investigated in [12]. As it turns out, for these two semantics the com-
plexity of the inherited and claim-level variants coincides.

e Additionally, we provide complexity results for the main decision problems when re-
stricted to specific graph classes and also when parameterized by the number of claims
for inherited semi-stable and stage semantics as well as for the claim-level variants of
the stable, naive, preferred, semi-stable, and stage semantics. As we will see, this will
often times allow for better bounds than the unrestricted case.

e We determine the complexity of the concurrence problem, i.e. whether for a given
CAF and a semantics, the inherited and claim-level variant of that semantics coincide.
Note that showing this problem to be easy would suggest that there are relatively
natural classes of CAFs which characterize whether or not the two variants collapse.
However, as we will see, concurrence can be surprisingly hard, up to the third level of
the polynomial hierarchy.

A preliminary version of this paper has been presented at the thirty-fifth AAAI con-
ference on artificial intelligence (AAAI-21) [16]. Besides providing full proofs and in-depth
discussions, this version significantly extends the preceding paper by several new complex-
ity results, in particular, we provide a full complexity analysis of the considered reasoning
problems for specific graph classes.

2 Preliminaries

In the this section we (a) recall abstract argumentation frameworks, claim-augmented ar-
gumentation frameworks and their semantics, and (b) recall the necessary background and
computational complexity,

2.1 Argumentation Frameworks and their Semantics

We introduce (abstract) argumentation frameworks and their semantics [2, 5]. We fix U as
countable infinite domain of arguments.

Definition 1. An argumentation framework (AF) is a pair F = (A, R) where A C U is a
finite set of arguments and R C A x A is the attack relation. E C A attacks b if (a,b) € R
for some a € E; we denote by Ef. = {b € A| 3a € E : (a,b) € R} the set of arguments
defeated by E. We call ER = EU E; the range of E in F. An argument a € A is defended
(in F) by E if b € E} for each b with (b,a) € R.

Semantics for AFs are defined as functions o which assign to each AF F' = (A, R) a set
o(F) C 24 of extensions. We consider for o the functions cf, adm, naive, prf, stb, sem and
stg which stand for conflict-free, admissible, naive, preferred, stable, semi-stable and stage,
respectively.



Definition 2. Let F = (A, R) be an AF. A set E C A is conflict-free (in F'), if there are
no a,b € E, such that (a,b) € R. cf(F') denotes the collection of conflict-free sets in F'. For
E € ¢f(F) we have E € adm(F) if each a € E is defended by E in F. For E € cf(F), we
define

e I € nawe(F), if there is no D € c¢f (F) with E C D;

E € prf(F), if E€adm(F) and 3D € adm(F): EC D;

E € sth(F), if B = A;

E € sem(F), if E € adm(F) and 3D € adm(F): EE C D;
o E € stg(F), if there is no D € cf (F) with Ef. C D%.

Next we introduce claim-augmented argumentation frameworks (CAFs) [12], which ex-
tend AFs by a function claim that assigns claims to argument.

Definition 3. A claim-augmented argumentation framework (CAF) is a triple (A, R, claim)
where (A, R) is an AF and claim : A — C assigns a claim to each argument in A; C is
a set of possible claims. The claim-function is extended to sets in the natural way, i.e.
clatm(E) = {claim(a) | a € E}. A set of arguments E C A is called a realization of a
claim-set S C claim(A) if claim(E) = S. A CAF (A, R, claim) is well-formed if {a}?A’R) =
{b}aﬂ) for all a,b € A with claim(a) = claim(b).

Well-formed CAF's naturally appear as result of instantiation procedures where the con-
struction of the attack relation depends on the claim of the attacking argument. However,
formalisms which handle argument strengths or allow for preference relations over arguments
(assumptions/defeasible rules) typically violate the property of well-formedness [17, 18].

Semantics for CAFs Here we give a short recap of inherited semantics and claim-level
semantics for CAFs. We will first introduce inherited semantics (i-semantics).

Definition 4. For a CAF CF = (A, R, claim) and an AF semantics o, we define i-o seman-
tics as 0.(CF) = {claim(E) | E € 0((A,R))}. We call E € o((A, R)) with claim(E) =S a

o.-realization of S in CF.

Next we discuss claim-level semantics (cl-semantics) for CAFs. Central for cl-variants of
stable, semi-stable and stage semantics is the following notion of claim-defeat.

Definition 5. Let CF = (A, R, claim), E C A and ¢ € claim(A). E defeats ¢ (in CF) if E
attacks (in (A, R)) every a € A with claim(a) = c.

Example 2. Consider the CAF from Example 1. The argument by (or: the set E = {b1})
attacks the arguments a1, c1 but defeats only claim c, because not every occurrence of claim
a 1s attacked.

We will next introduce the notion of range for a claim-set S. As different realizations of
S might yield different sets of defeated claims, the range of S is in general not unique and
depends on the particular realization E of S.

Definition 6. For a CAF CF = (A, R, claim), let ver(E) = {c € claim(A) | E defeats ¢ in CF'}.
For a claim-set S C claim(A) and a realization E of S in CF, we call S Uvcp(E) a range
of S in CF. If SUvep(E) = claim(A) we say E has full claim-range.

Example 3. Let us consider again the CAF CF from Example 1.
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First, consider the set of arguments Ey = {ba,c1}. The set attacks the arguments dy and
as. Hence Ey attacks claim d; claim a however is not attacked since E1 does not attack all
occurrences of a (the argument ay is unattacked). Thus vep(E1) = {d} and claim(E;) U
vor(E1) = {b,c,d}. Now, we extend Fy by a1 and obtain Es = {ay1,bs,c1}. Again, claim
d is the only claim which is attacked by the set; however, Eo has full claim-range since it
contains claim a.

Observe that in well-formed CAFs, each claim-set possesses a unique range as each re-
alization attacks the same arguments, i.e., for a claim-set S C claim(A), ver(E) = vor(D)
for all realizations FE, D of S in CF. We will thus write SJ(SF to denote the unique set of
defeated claims vop(E) of S in CF.

We are now ready to introduce cl-semantics for CAFs.

Definition 7. For a CAF CF = (A, R, claim) and S C claim(A), we define
o S € cl-prf(CF) if S € adm.(CF) and there is no T € adm.(CF) with S C T;
e S € cl-naive(CF) if S € ¢f.(CF) and there is no T € cf.(CF) with S C T';

S € cl-sth;(CF), 7 € {cf,adm}, if there exists E € 7((A, R)) with claim(E) = S and
SUver(E) = claim(A);

S € cl-sem(CF) if there exists E € adm((A, R)) with claim(E) = S such that there is
no D € adm((A, R)) with S Uvepr(E) C claim(D) Uvep(D);

S € cl-stg(CF) if if there exists E € cf((A, R)) with claim(E) = S such that there is
no D € ¢f ((A,R)) with SUvep(E) C claim(D)Uver(D).

A set of arguments E C A is a

o cl-prf-realization (cl-naive-realization) of S C claim(A) in CF if claim(E) = S5,
E € adm((A,R)) (E € ¢f((A, R)), respectively);

o cl-stb.-realization of S C claim(A) in CF, 7 € {adm,cf}, if claim(E) = S, E €
adm((A, R)) (E € ¢f((A,R))), and S Uvep(E) = claim(A);

e cl-sem-realization ( cl-stg-realization) of S C claim(A) in CF if claim(E) = S, E €
adm((A, R)) (E € ¢f((A,R))), and S Uvcp(E) is subset-mazimal among admissible
respectively conflict-free range-sets in CF.

Example 4. Let us consider again our running example CAF CF. As we have observed
already in Example 1, the preferred claim-sets of CF are given by {a,b,c} and {a,b}. The set
Es from the above example is cl-stb. (for T € {cf,adm}) in CF since it has full claim-range.
Observe that Es is also stable on argument-level since it attacks all other arguments.

Let E3 = {b1,as}. The set is conflict-free, admisssible, and attacks the arguments c¢1 and
dy. Hence claim(E3) Uver(Es) = claim(A), i.e., Es has full claim-range and is cl-stb, for
T € {cf,adm}.

We occasionally make use of the relations between different semantics for CAFs [12, 8].
For inherited semantics, the relations between the semantics carry over from the correspond-
ing AF counterparts, e.g.,

stb.(CF) C sem.(CF) C prf.(CF) C adm.(CF)



cl-sem | | cl-sthey

[stbc = cl-stbey = cl—stbadm]

(a) Relations for CAFs. (b) Relations for well-formed CAFs.

Figure 1: Relations between semantics for general CAFs (a) and well-formed CAFs (b) as
presented in [8]. An arrow from o to 7 indicates that o(CF) C 7(CF) for each CAF CF.

for any CAF CF. The relations between the different variants for the semantics often depend
on the particular CAF class, e.g., for general CAFs,

sth.(CF) C cl-5tbqim(CF) C cl-stbys(CF).

For well-formed CAFs, on the other hand, all stable variants coincide, i.e., stb.(CF) =
cl-5thgam (CF) = cl-stbs(CF). Figure 1 provides an overview over the relations between
semantics for general and for well-formed CAFs. We furthermore observe the following im-
plications between claim-level stable semantics and semi-stable respectively stage semantics:
If cl-stbef(CF) # O then cl-sthos(CF) = cl-stg(CF), likewise, if cl-stbagm(CF) # 0 then
cl-stb gam (CF) = cl-sem(CF) for each CAF CF [13].

Remark 1. Let us briefly discuss why we do not consider claim-level versions for complete,
grounded, and admissible semantics. An appropriate adaption of both semantics requires
a notion for claim-defense. As discussed in [19], the natural choice of adapting a defense
notion to claim-level (a claim c is defended by a set of arguments E iff there erxists some
occurrence of ¢ which is defended by E ) results in cl-complete, cl-grounded, and cl-admissible
semantics that are equivalent to their inherited counter-parts.

2.2 Computational Complexity

We assume the reader to be familiar with the basic concepts of computational complexity
theory (see, e.g. [20] for an introduction), in particular with the complexity classes polynomial
time (P)and non-deterministic polynomial time (NP). In the following, we briefly recapitulate
the concept of oracle machines and related complexity classes relevant for this work. To this
end, let C denote some complexity class. By a C-oracle machine we mean a (polynomial time)
Turing machine which can access an oracle that decides a given (sub)-problem in C within
one computation step. We denote the corresponding complexity classes of such machines
as PC if the underlying Turing machine is deterministic; and NP® if the underlying Turing
machine is nondeterministic. In this work we consider complexity classes from the first three
levels of the polynomial-time hierarchy. The classes NP and coNP build the first level of
the polynomial-time hierarchy. The complexity classes on the second level are build by the
use of NP-oracles. First, the class ZZP = NPNP denotes the set of problems which can be
decided by a nondeterministic polynomial time algorithm that has (unrestricted) access to
an NP-oracle. The class M5 = coNPNP is defined as the complementary class of X5, i.e.
|_|2P = COZQP. In the same way we can define the third level by using Zg oracles. That is, we

define the class Zg as NP™2 and I'Ig = coNPZ? as the complementary class of Zg .



We have the following relations between these complexity classes:

NP PRY PRA
PC coNP s ﬂ2P < H3P
We will see that many problems in this paper are indeed of high complexity. A prominent
approach to tame the high complexity of such problems is parameterized complexity theory
(see, e.g., [21]). A key observation of this approach is that many hard problems become
polynomial-time tractable if some problem parameter is bounded by a fixed constant. If the
order of the polynomial bound is independent of the parameter! one speaks of fized-parameter
tractability (FPT).

3 Computational Problems

We consider the following decision problems with respect to a CAF-semantics o:

e Credulous Acceptance (CredS4T): Given a CAF CF = (A, R, claim) and claim ¢ €
claim(A), is ¢ contained in some S € o(CF)?

e Skeptical Acceptance (SkeptgAF): Given a CAF CF = (A, R, claim) and claim ¢ €
claim(A), is ¢ contained in each S € o(CF)?

o Verification (VerS4F): Given a CAF CF = (A, R, claim) and a set S C claim(A), is
Seo(CF)?

e Non-emptiness (NESAT): Given a CAF CF = (A, R, claim), is there a non-empty set
S C claim(A) such that S € o(CF)?

We furthermore consider these reasoning problems restricted to well-formed CAFs and denote
them by Cred” , Skept™ , Ver™ , and NE®'. Moreover, we denote the corresponding decision
problems for AFs (which can be obtained by defining claim as the identity function) by
C’redij , Skepth , Verg‘F , and NE?F . Finally, we introduce a new decision problem which
asks whether the two variants of a semantics coincide on a given CAF.

e Concurrence (ConS4F): Given a CAF CF, does it hold that o.(CF) = cl-o(CF)?

For stable semantics, we write C’ong‘g‘TF to specify the considered cl-stable variant (7 €

{adm, c¢f}). The concurrence problem restricted to well-formed CAFs is denoted Con’.

Tables 1 & 2 depict known complexity results for AF semantics [22, 23, 24, 6]; and for
inherited CAF semantics [12]. Note that Table 2 lacks results for semi-stable and stage
semantics which have not been studied yet in terms of complexity. We close this gap and
complement these results by an analysis of the claim-level variants.

4 Complexity of Reasoning Problems

The forthcoming analysis yields the following high level picture: Credulous and skeptical
reasoning as well as deciding existence of a non-empty extension is of the same complexity
as in AFs except for the notable difference that skeptical reasoning with respect to cl-naive
semantics goes up two levels in the polynomial hierarchy and is thus also more complex

'That is, the running time can be stated as O(f(k) - poly(n)), where f is a computable function, k is the
problem parameter under investigation, n is the size of the problem instance, and poly(-) is an arbitrary but
fixed polynomial.



Table 1: Complexity of AFs.

o Cred?F  SkeptdT  Verdl NEAF
cf in P trivial in P in P

adm NP-c trivial in P NP-c
sth NP-c  coNP-¢ inP  NP-c

nawe | in P in P in P in P
prf NP-c Nf-c coNP-c NP-c
sem YP-c Nf-c coNP-c NP-c

stg Yh-c Nf-c  coNP-c inP

Table 2: Known complexity results for inherited semantics, with A € {CAF, wf}. Results
that deviate from the corresponding results for AFs are bold-face.

o Cred>  Skepts  VerS4¥ /Ver®  NE2
cfe in P trivial NP-c / in P in P
adm, | NP-c  trivial NP-c /in P NP-c
stbe NP-c  coNP-c NP-c /in P NP-c
naive, | in P coNP-c NP-c /in P in P

prf. | NP-c  Mb-c ¥5-c / coNP-c NP-c
seme ? ? ?/7 ?
stge ? ? ?/7 ?

than deciding skeptical acceptance for i-naive semantics which has been shown to be coNP-
complete. For well-formed CAFs, skeptical reasoning admits the same complexity for both
claim-level and inherited naive semantics but remains more complex than in AFs.

For general CAFs, the verification problem is more complex than for AF's for all of the
considered semantics. Comparing claim-level and inherited semantics we observe that the
complexity of the verification problem for cl-preferred semantics drops while the complexity
for cl-naive semantics admits a higher complexity than their inherited counterparts; the
claim-level and inherited variants of stable, semi-stable and stage semantics admit the same
complexity. For well-formed CAF's, the complexity of the verification problem coincides with
the known results for AFs.

4.1 Complexity Results for General CAFs

In this section, we provide complexity results for general CAF's for credulous and skeptical
acceptance, verification and for the non-emptiness problem with respect to both variants of
semi-stable and stage semantics as well as claim-level naive, preferred and stable semantics.
First, we discuss upper bounds in Section 4.1.1 before we present hardness results yielding
the corresponding lower bounds in Section 4.1.2. An overview of our results is given in
Tables 3 & 4.

4.1.1 Membership Results

We will first discuss the membership proofs of the considered decision problems. To begin
with, we will give poly-time respectively coNP procedures for deciding whether a given set
of arguments F is a o-realization for o € {cl-stbqam, cl-stbys, cl-sem, cl-stg}. This lemma
yields upper bounds for the respective reasoning problems; notice that the complexity goes



up one level in the polynomial hierarchy since one requires an additional guess for F.

Lemma 1. Given a CAF CF = (A, R, claim) and some E C A. Deciding whether E realizes
(1) a T-cl-stable claim-set in CF for 7 € {adm,cf} is in P; (2) a cl-semi-stable (cl-stage)
claim set in CF is in coNP.

Proof. Checking admissibility (conflict-freeness) of E is in P (cf. Table 1); moreover, vor(E)
can be computed in polynomial time by looping over all claims ¢ € claim(A) and adding
each ¢ to vop(F) if E attacks each occurrence of ¢ in CF. For 7-cl-stable semantics, it
remains to check whether claim(E) U verp(E) = claim(A) to verify that E realizes a 7-cl-
stable claim-set in CF. For cl-semi-stable (cl-stage) semantics, we have to check that each
E' C A with claim(E"YUver(E') D claim(E)Uvep(E) is not admissible (conflict-free). This
can be solved in coNP by a standard guess & check algorithm, i.e. guess a set and verify
that it is admissible (conflict-free), compute the claims and verify that they are a proper
superset of the claims of the original set, yielding a coNP algorithm to verify that E realizes
a cl-semi-stable (cl-stage) claim-set in CF'. O

We use this lemma to show membership results for the verification problems for the
claim-based semantics.

Proposition 1. The following membership results hold for the verification problems VergAF:

1. VergAF is in NP for o € {cl-stbogm, cl-stbes},
2. VerS4F is in X5 for o € {cl-sem, cl-stg},
3. VerSAF js in DP for o € {cl-prf, cl-naive}.

Proof. Consider a CAF CF = (A, R, claim) and a set S C claim(A) that has to be verified
against a semantics 0. 1 & 2) Here we can apply a guess and check algorithm. That is, one
can verify S € o(CF') by guessing a set of arguments F C A with claim(E) = S and checking
whether F is a o-realization of S. The latter is in P, respectively coNP by Lemma 1, yielding
NP- and Zzp -procedures for the respective semantics.

3) DP-membership of VerS4F for o € {cl-prf, cl-naive} is by (a) checking that a given
claim-set S is admissible (conflict-free) and (b) verifying subset-maximality of S. The former
has been shown to be NP-complete (cf. Table 2); the latter is in coNP: Guess a set of
arguments E such that S C claim(FE) and check admissibility (conflict-freeness) of E. Thus
VerfAF can be represented as the intersection of a NP-complete problem and a problem in
coNP and lies therefore in DP. O

Next we consider the verification problem for the inherited semantics sem. and stg..

Proposition 2. Ver¢4r

is in L5 for o € {sem., stg.}.

Proof. Zzp—membership of VergAF for o € {sem,stg} is by guessing a set E C A with
claim(E) = S and checking E € o((A, R)). The latter is coNP-complete by known results
for AFs (cf. Table 1). O

We next turn the reasoning problems, starting with the skeptical acceptance problem
SkeptSAL,

Proposition 3. The following membership results hold for the skeptical acceptance problems
SkeptSAL

1. SkeptgAF is in coNP for o € {cl-stbagm, cl-stbes},



2. SkeptgAF is in N5 for o € {cl-prf, cl-naive, cl-sem, cl-stg}.
3. SkepthF is in N5 for o € {sem,, stg.}.

Proof. Membership proofs for Skeptg AF are by standard guess-and-check algorithms for the
complementary problem: For a CAF CF = (A, R, claim) and claim ¢ € claim(A), guess a
set £ C A such that ¢ ¢ claim(F) and check claim(E) € o(CF). 1) For o € {cl-stb;} the
latter can be verified in P by Lemma 1, which yields coNP-membership; 2) By the same
lemma, that test for sigma € {cl-sem, cl-stg}, is coNP, thus showing M5-membership; for
o € {cl-prf, cl-naive}, we use the result for VerS¥ i.e.. claim(E) € o(CF) can be verified
via two NP-oracle calls, which shows that SkeptS4%" is in MY; 3) for o € {sem., stg.}, it suffices
to check E € sem((A, R)) or E € stg((A, R))-both are in coNP (cf. Table 1)-to derive the

desired upper bound. ]

Proposition 4. The following membership results hold for the credulous acceptance problems
CredSAF :

1. CredS?t is in P for o € {cl-naive},
2. CredEAF is in NP for o € {cl-stbadm, cl-stbes, cl-prf}.
3. CredSt is in ¥ for o € {cl-sem, cl-stg}.

Proof. Membership for C’redeF and o € {cl-stb., cl-sem, cl-stg, sem., stg.} are by standard
guess-and-check-algorithms: For a CAF CF = (A, R, claim) and claim ¢ € claim(A), guess a
set E C A such that ¢ € claim(F) and check claim(E) € o(CF). For cl-preferred and cl-naive
semantics, we exploit the fact a claim ¢ € claim(A) is credulously accepted with respect to cl-
preferred (cl-naive) semantics iff it is contained in some i-admissible (i-conflict-free) claim-set
and thus the complexity of CredsF for 6 € {cf., adm.} (cf. Table 2) applies. O

Proposition 5. The following membership results hold for the non-empty problems NEfAF:
1. NESAY s in P for o € {cl-naive, cl-stg};
2. NEgAF is in NP for o € {cl-stbogm, cl-stbey, cl-prf, cl-sem};

3. NECAF s in P and NECAY s in NP.

stg. seme

Proof. NESAF for o € {sem, stg., cl-prf, cl-naive, cl-sem, cl-stg} can be reduced to the re-
spective problem for AFs: for cl-preferred (cl-naive) semantics and both variants of semi-
stable (stage) semantics, we have that a CAF has a non-empty claim-set iff a non-empty ad-
missible (conflict-free) set of argument exists, i.e., NEUCAF o € {cl-prf, cl-sem, sem, cl-naive,
cl-stg, stg.}, coincides with either NEAL or NEffF and we get the complexity directly from

adm
Table 1. For o € {cl-stbygm, cl-stber}, NEgAF can be verified by guessing a non-empty set
E C A and utilizing Lemma 1 (1) for checking that claim(E) is a 7-cl-stable claim-set of
CF. ]

4.1.2 Hardness Results

We now turn to the hardness results for the considered decision problems. First observe that
one can reduce AF decision problems to the corresponding problems for CAFs by assigning
each argument a unique claim. Thus CAF decision problems generalize the corresponding
problems for AFs and are therefore at least as hard. It remains to provide hardness proofs for
the decision problems with higher complexity. By comparing Table 1 with the membership
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Figure 2: CAF from the proof of Proposition 6 for the formula Vyy'3z¢, where ¢ is given by
the clauses {{y7 y,a _'Z}’ {_'ylv Z}? {_'y> _‘y/}7 {yla 2, _'Z}}‘

results from above, we observe that it remains to show hardness for SkeptGAL. —and the
verification problems VerS4¥ for all semantics o under consideration.

We will first present a reduction from QSAT: ; to show H2P -hardness of Skeptg’_‘lniwe be-
fore we address the verification problems. In this reduction, starting from a QBF ¥ =
VY 3Zp(Y, Z) where ¢ is a 3-CNF given by a set of clauses C = {cly,...,cl,} over atoms in

X =Y UZ, we construct a CAF as follows (cf. Figure 2):

e For each clause cl;, we introduce three arguments representing the literals contained
in cl; and assign them claim ¢;

e moreover, we add arguments representing literals over Y and assign them unique claims;

e furthermore, we add arguments aq, . .., a, with claims 1,...,n and an argument ¢ with
unique claim ¢;

e we introduce conflicts between each argument representing a variable x € X and argu-
ments representing its negation; moreover, we add symmetric attacks between ¢ and
each argument a;.

This reduction is formalized as follows:

Reduction 1. Let ¥ = VY 3Zp(Y, Z) be an instance of QSATY , where ¢ is a 3-CNF given
by a set of clauses C = {cli,...,cl,} over atoms in X =Y U Z. We construct a CAF
CF = (A, R, claim) as follows (cf. Figure 2):

A={zi|xecl,i <n}U{z; |~z ecl,i<n}U
YUY U{as,...,an, ¢}
R= {(aia@)a (QO,(IZ') | 1 < n} U {(xi7jj)(fj’xi)7 | 1,] < n}U
{(yv gl)a (Zjla y)7 (yl7 g)a (ga yl)7 (ya g)v (ga y) ‘ y e Y}
where Y = {y | y € Y}, and claim(x;) = claim(z;) = claim(a;) = i, claim(y) = v,
claim(y) =y, and claim(p) = ¢.

We will show that W is valid iff the claim ¢ is skeptically accepted with respect to cl-
naive semantics in CF. The main observation is that for every Y’ C Y, the set Y’ U {7 |
y ¢ Y'Y U{ai,...,a,} is conflict-free in (A4, R) by construction, and therefore Y/ U {7 |
y ¢ Y'YU{l,...,n} is in ¢f.(CF). Consequently, ¢ is skeptically accepted with respect to
cl-naive semantics iff for every Y’ C Y, theset YU{y |y ¢ Y'}U{1,...,n, ¢} is cl-naive. It

suffices to check that for every Y/ C Y, theset Y U{y |y ¢ Y'}U{1,...,n, ¢} is cl-naive iff
there is Z' C Z such that Y’ U Z’ is a model of ¢. This is addressed in the following lemma.

Lemma 2. For every Y CY,Y' U{y |y ¢ Y'}U{L,...,n,¢} € cl-naive(CF) iff there is
Z' C Z such that M =Y'UZ" is a model of ¢.

Proof. Let S=Y'U{y|y¢ Y} U{l,...,n, ¢}

11



First assume S € cl-naive(CF). Consider a cf.-realization E of S. We have ¢ € FE
because ¢ is the unique argument having claim . Consequently, a; ¢ E and thus each claim
i is represented by x; for some x € XUX. Let Z' ={2€ Z |z € E}. Then M =Y'UZ"is
a model of ¢: Consider an arbitrary clause cl;. Since {1,...,n} C S, there is some argument
with claim i in E, that is, either a; € E or z; € E or Z; € F for some x € X (observe that
yi € Eiff y € E and 3; € F iff § € E, thus a further case distinction for y € Y, § € Y is not
required). We have that a; ¢ E since n € S and for each argument b with claim(b) = n we
have (a;,b) € R. Thus there is z € X such that either z; € F or &; € E. In the former case,
we have z € M and thus M satisfies cl;, in the latter case ¢ M and thus cl; is satisfied.
We obtain that M is a model of .

Now assume there is Z' C Z such that M = Y'UZ' isamodel of ¢. Let E =Y'U{y |y ¢
Y'iu{a; |z e M}U{Z; | ¢ M} U{p}. E is conflict-free since a; ¢ F for all i < n; other
conflicts appear only between arguments x;, Z; referring to the same atom x. Moreover, as
M is a model of ¢, we have that for each clause cl;, there is either a positive literal x € cl;
with z € M or a negative literal = € ¢l; with ¢ M. Thus {1,...,n} C claim(E); moreover,
Y'U{g |y ¢ Y’} C claim(F) and therefore claim(E) = S. S is a maximal cl-conflict-free
claim-set since S U {c} ¢ cf.(CF) for any ¢ € (Y UY) \ S as each realization of S U {c}
contains y, g for some y € Y. Thus S € cl-naive( CF).

O

We are now ready to prove the correctness of the reduction.

Lemma 3. V is valid iff the claim n is skeptically accepted with respect to cl-naive semantics
i CF.

Proof. Assume ¥ is not valid. Then there is Y’ C Y such that for all Z/ C Z, M =Y' U Z’
does not satisfy ¢. Let S =Y' U{y |y ¢ Y} U{L,...,n}. Observe that S is i-conflict-
free, witnessed by the cf.-realization Y/ U{y | y ¢ Y'} U{as,...,a,}. S is cl-naive since
SU{p} ¢ cf.(CF) by (1) and SU{c} ¢ cf.(CF) for any c € (Y UY)\ S as each realization
of SU{c} contains y, § for some y € Y. Thus ¢ is not skeptically accepted with respect to
cl-naive semantics in CF'.

Assume ¢ is not skeptically accepted with respect to cl-naive semantics in CF. Then
there is a set S € cl-naive(CF') such that ¢ ¢ S. Observe that S contains Y/ U{y |y ¢ Y}
for some Y/ C Y by construction. Let Y/ = SUY. We show that for all Z/ C Z, Y/ U Z' is
not a model of ¢: Towards a contradiction assume there is Z’ C Z such that M =Y’ U Z’
is amodel of . By (1), T=Y'U{g|y¢ Y'}U{l,...,n,p} € cl-naive(CF). Thus T D S
since ¢ ¢ S, contradiction to S being cl-naive in CF'. It follows that ¥ is not valid.

O

By the above lemma and the fact that the reduction can be performed in polynomial
time we obtain I'Ig -hardness.

Proposition 6. SkeptSAF s I_Ig-hard.

cl-naive

Hardness results for verification problems admit a higher complexity compared to AFs
for all of the considered semantics. DP-hardness with respect to cl-preferred and cl-naive
semantics will be shown by reductions from SAT-UNSAT; ¥5- hardness with respect to i-
semi-stable and i-stage semantics are by reductions from credulous reasoning for AFs with
the respective semantics; the remaining hardness results are shown via reductions from
appropriate decision problems for inherited semantics.

We first recall the standard reduction that provides the basis for DP-hardness of verifi-
cation with respect to cl-preferred semantics and reappears in Section 5.

12



Figure 3: Reduction 2 for a formula which is given by the clauses
Hzr, 23, w4}, {¥3, T4, T2) }, {71, T3, 22} }

Figure 4: Reduction 3 for formulas (¢1,p2) given by the sets of clauses
{{zt, 2}, 23}, {3, 7}, 7)}, {71, 7}, 23} } and {{af, 23, 23}, {21, 23, 23}, {23, 73, 73}}

Reduction 2. Let ¢ be gien by a set of clauses C' = {cly,...,clp} over atoms in X and let
X ={z |z € X}. We construct (A, R) with

A= XUXUCU{p}
R={(z,cl) |cleCixeciu{(z,d)|clelC,~zecclU
{(z,2), (z,2) | 2 € X}U{(cli, ) [ i <n}

Intuitively, each conflict-free set of literal-arguments that defend the argument ¢ corre-
sponds to a satisfying assignment of . An example of the reduction is given in Figure 3.

We next present a reduction from SAT-UNSAT to Verg’_gf which shows DP-hardness.
For a SAT-UNSAT instance (¢1,¢2) we apply Reduction 2 to both formulas and consider

the disjoint union of the two resulting AFs.

Reduction 3. Let (v1,¢2) be an instance of SAT-UNSAT, where each of the propositional
formulas @; (fori=1,2) is given over a set of clauses C; = {cli,... cl’} over atoms in X;.
Moreover, we assume X1 N Xo = 0. Let (A;, R;) be the AFs that we obtain when applying
Reduction 2 to the formulas ¢; and adding attacks {(cl,cl) | ¢l € C;}. We construct the
CAF CF (4, 4y = (A1 U Az, R1 U Ry, claim) with claim(x) = claim(z) = z for all z € X,
claim(cl) = d for all ¢l € C; and claim(p;) = ;. See Figure 4 for an illustrative example.

We now observe that a formula ¢; is satisfiable iff X; U{¢;} is a cl-preferred claim-set of
(Ai, R;, claim) which yields the correctness of the reduction.

Lemma 4. (¢1,p2) is a valid SAT-UNSAT instance iff X1 U Xo U {1} is a cl-preferred

claim-set of CF (4, ,,)-
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Proof. We have to show that X1 U X U {p1} is cl-preferred in CF (¢1,00) Iff 1 18 satisfiable
and (3 is unsatisfiable. For the purpose of this proof we consider the CAF CF,, ., as the
disjoint union of the CAFs CF1 = (A1, Ry, claim) and CFy = (Ag, Ra, claim).

Since CF'y and CFy are unconnected and have no common arguments (and thus cl-prf (CF) =
{SUT|S € cl-prf(CF1),T € cl-prf(CF2)}), it suffices to show that

(a) ¢; is satisfiable iff X; U {¢;} is a cl-preferred claim-set of CF';, and
(b) ¢; is unsatisfiable iff X; is a cl-preferred claim-set of CF;.

We have that (b) follows from (a) since X; is i-admissible in CF; independently of the
satisfiability of ¢; (for an adm.-realization, consider X' U{Z | z ¢ X'} for any X’ C X;) and
no argument ¢/ € C; can appear in an admissible set. We show ¢; is satisfiable iff X; U {y;}
is a cl-preferred claim-set of CF;:

Assume ; is satisfiable and consider a model M of ¢;. Let E =M U{z |z ¢ M}. We
show that E' = E U {g;} is admissible in (A;, R}): First observe that E is admissible since
each a € X;UX; defends itself. Since M satisfies ¢;, we have that for any clause cl € C;, there
is either = € ¢l with z € M or Z € ¢l with ¢ M, thus E attacks each ¢l € C. Consequently,
E defends ¢;; we conclude that E’ is admissible in (A4;, R}). Moreover, claim(E’) is a subset-
maximal i-admissible claim-set since claim(E’) = A; \ {d}, that is, claim(E’) contains every
claim ¢ € claim(A;) which is assigned to non-self-attacking arguments. Thus claim(E') =
X; U{p;} is cl-preferred in CF;.

Now assume X; U {p;} is cl-preferred in CF;. Let E be a adm-realization of X; U {¢;}
and let M = FNX;. Consider an arbitrary clause cl € C;. Since ¢; € E is defended by E we
have that E attacks cl, thus there is either an argument = € E such that (x,cl) € R} or an
argument T € E with (Z,cl) € R,. In the former case, we have z € M and thus M satisfies
cl, in the latter case x ¢ M and thus cl is satisfied. We obtain that M is a model of ¢;. [

By the above lemma and the fact that the reduction can be performed in polynomial
time we obtain DP-hardness.

Proposition 7. Vergfg’;f is DP-hard.

DP-hardness of verification with respect to cl-naive semantics can be shown via a reduc-
tion from SAT-UNSAT by combining ideas from the previous propositions. As in Propo-
sition 7, one constructs two independent frameworks CFy, CFy representing the formulas
(3-CNF's) 1, @2 with sets of clauses C; = {cly, ..., cly} respectively Cy = {clyt1,...,clp}.
The construction is similar to the one in Proposition 6, i.e., one introduces an argument
with claim ¢ for each literal in a clause cl; € C}, an argument ¢; representing the respective
formula and adds |C}| arguments with claims 1,...,m respectively m + 1,...,n. One can
show that {1,...,n,p1} is cl-naive in CF; U CFy iff ¢ is satisfiable and ¢ is unsatisfiable.

Reduction 4. Let (1, ¢2) be an instance of SAT-UNSAT, where each of the propositional
formulas p; (for j = 1,2) is given over a set of clauses C; over atoms in X;. Moreover,
we assume X1 N Xo = 0, C1 = {cly,...,clm}, Co = {clmt1,--.,cln}, and define A} =
{a1,...,am} and AL = {am+1, ..., an}.

We construct the CAF CF (,, o,y = (A, R, claim) with

A={z;|zvecc 1 <i<n}U{z;|Zeccl,1<i<n}UA]uA,U{p, e}
R = {(2,2)(Zj,2:),] i,j <n}U{(ai, 1), (1,a:) | i <m}U
{(aiﬂOQ)a (@27ai) ‘ m <1< n}

with claim(z;) = claim(z;) = claim(a;) =i and claim(p;) = @;.

14
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Figure b5: Reduction 4 for formulas (¢1,¢p2) given by the sets of clauses

{{S’ u’ U}7 {67 67 t_>}7 {57 a7 t}} and {{w’ x? y}’ {w7 y? Z}7 {i7 g’ Z}}

Notice that the CAF CF(,, ,,) can be interpreted as the disjoint union of two CAFs,
CFq represents 1 and CFq represents @s. See Figure 5 example illustrating the reduction.

Lemma 5. (¢1,p2) is a valid SAT-UNSAT instance iff
{1,...,n,¢1} € cl-naive(CF).

Proof. For the purpose of this proof we consider the CAF CF(,, ., as disjoint union of two
CAFs. To this end let CF'; be the projection of CF(y, ,) on the arguments {z; | = € cl;, 1 <
i <m}U{r; |7 ecll <i<m}UA]U{pi} and CF3 be the projection of CF
the arguments
{z;i |z ecim+1<i<n}U{Z|ze€cm+1<i<n}UA,U{ps}. Notice that
CF (4,0,) = CF1U CF3 and that CFy and CF3 are isomorphic.

We show ¢ is satisfiable and (o is unsatisfiable iff
{1,...,n,¢1} € cl-naive(CF) by proving

P1,p2) O

(a) 1 is satisfiable iff {1,...,m, @1} € cl-naive(CF1).
(b) 9 is unsatisfiable iff {m + 1,...,n} € cl-naive( CF3).

Since CF1, CFy are unconnected and claim(A1) N claim(As) = (), we have naive.(CF) =
{SUT | S € naive.(CF1),T € naive,(CF3)}. Thus ¢ is satisfiable and 9 is unsatisfiable
iff {1,...,n,p1} € cl-naive(CF).

Proof of (a): First assume ¢; is satisfiable and consider a model M of ;. Let E =
{z; | x € Myi <m}U{x; | 2 ¢ M,i < m}U{p1}. E is conflict-free by construction;
moreover, @1 € claim(E) and i € claim(E) for each ¢ < m: For each clause cl; € Cy, there
is either x € M Ncl; or T € cl; such that x ¢ M, consequently there is either x; € E with
claim(z;) = i or ; € E with claim(z;) = i. We have shown that {1,...,m,¢;} has a
conflict-free realization in CF'y.

Now assume {1,...,m, 1} € cl-naive(CF). Let E be a cf.-realization of {1,...,m,p1}
and let M = {z | 3i < m :z; € E}. Now, consider an arbitrary clause c¢/; € C;. Then
FE contains an argument with claim ¢, that is, either ; € E or Z; € E. In the former
case, x € M and thus c¢l; is satisfied. In the latter case, z ¢ M as Z; is in conflict with all
arguments x; and thus cl; is satisfied. We obtain that M is a model of ¢1 and thus ¢ is
satisfiable.

Proof of (b): First notice that claim(A}) = {m +1,...,n} is i-conflict-free by construc-
tion. By (a), ¢2 is unsatisfiable iff {m+1,...,n,p2} ¢ cl-naive(CF%). We thus obtain s is
unsatisfiable iff {m + 1,...,n,p2} ¢ cl-naive(CF3) iff {m +1,...,n} € cl-naive(CF3). O

By the above lemma and the fact that the reduction can be performed in polynomial
time we obtain DP-hardness.

Proposition 8. Ver¢4r s DP-hard.

cl-naive
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In the following, we show ZS’ -hardness of the verification problem for CAFs with respect
to i-semi-stable and i-stage semantics, utilizing a reduction from the respective credulous
acceptance problem for AFs.

Proposition 9. Verscef,f and Vergﬁf are Y5 -hard.

Proof. We present a proof for Veriﬁf , the proof for Verg’;cF is analogous. For an instance

(A,R), b € A of Credil  we construct a CAF CF = (A, R, claim) with A’ = AU {z},
z & A and claim(b) = c¢1, claim(a) = co for all a € A"\ {b}. Then, as the argument x
is not involved in any attack, it is contained in every semi-stable extension of (A’, R) and
thus, as claim(x) = ca, c2 is contained in every i-semi-stable claim-set of CF. Furthermore,
as CF contains only two claims, the only candidates for i-semi-stable claim-sets are {c1, ca}
and {ca2}. Moreover, as b is the only argument with claim c;, {c1, co} is i-semi-stable iff b is

contained in some semi-stable set of arguments in (A’, R). Thus, b is credulously accepted in

(A, R) w.r.t. semi-stable semantics iff {c1, co} is i-semi-stable in CF. £5-hardness of VerGaF
thus follows from known results for AFs. O

Finally, we provide hardness results for cl-semi-stable,
T-cl-stable and cl-stage semantics. We will present reductions from the verification prob-
lem of suitable inherited semantics. To that end, we consider the following translations.

Reduction 5. For a CAF CF = (A, R, claim), we define three translations:
o Tri(CF) = (A" R claim’) with
A'=Au{d |a e A}
R =RU/{(a,d),(d,d')|a e A}

and claim’(a) = claim(a) for a € A, claim(a’) = cq for o’ € {a' | a € A} with fresh
claims cq ¢ claim(A).

o Try(CF) = (A, Ry, claim’) with
A'=AU{d |a € A}
Ry =R'U{(a,V) | (a,b) € R};
and claim’ as before.
e Tr3(CF) = (A, R, claim') with
A'=AU{d |a€ A}
5 =Ry U{(b,a) | (a,b) € R} U{(a,b) | a € A, (b,b) € R};

-
and claim’ as before.

See Figure 6 for an example illustrating the translations. The following lemma states
that (a) T'r1 maps i-preferred semantics to cl-semi-stable semantics, (b) T'ro maps inherited
to claim-level stable semantics, and (c) T'rs maps inherited to claim-level stage semantics.
The proof can be found in the appendix.

Lemma 6. For a CAF CF = (A, R, claim),

prf.(CF) = prf.(Tri(CF)) = cl-sem(Tri(CF)),
sthe(CF) = stb.(Tro(CF)) = cl-stb(Tro( CF)) for T € {adm, cf },
stg.(CF) = stg.(Tr3(CF)) = cl-stg(Tr3(CF)).
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Table 3: Complexity of inherited semantics for CAFs, full picture (results for i-semi-stable
and i-stage semantics are new). Results that deviate from the corresponding AF results are
highlighted in bold-face.

o CredSAY  SkeptSAF VerSAF NECAF
cfe in P trivial NP-c in P
adm. NP-c trivial NP-c NP-c
sth. NP-c coNP-c NP-c NP-c
naive, in P coNP-c NP-c in P

prf. NP-c nS-c ¢ NP
seme YP-c ns-c ¥h-c NP-c
stge Yh-c ns-c ¥h-c in P

Table 4: Complexity of claim-based semantics for CAFs. Results that deviate from the
corresponding AF results are highlighted in bold-face; results that deviate from those w.r.t.
inherited semantics are underlined.

o CredSAF  SkeptSAT Ver¢Al NECAF
cl-stbggm | NP-c coNP-c NP-c NP-c
cl-stb s NP-c coNP-c NP-c NP-c

cl-naive in P I'I2P-c DP-c inP
cl-prf NP-c I'Ig—c DP-c NP-c
cl-sem P nb-c ¥h-c NP-c
cl-stg ¥h-c nb-c ¥Pc  inP

Lower bounds for VergAF, o € {cl-5thadm, cl-stbes, cl-sem, cl-stg}, thus follow from the

results of the respective inherited semantics: For a given CAF CF = (A, R, claim) and a
set of claims S C claim(A), one can check S € o/.(CF), o' € {stb, prf, stg}, by applying the
respective translation and checking whether S is a o-realization in the resulting CAF.

Proposition 10. VergAF is NP-hard for o € {cl-stbaim, cl-stb.f} and Y2 -hard for o €
{cl-sem, cl-stg}.

Proof. The NP-hardness of VergAF for o € {cl-5thadm, cl-stbe} is by the fact that Verg,, is
NP-hard and translation T'ry. The Z2P -hardness of Vergifm is by the fact fact that Very,s_
is ¥5-hard and translation T'r;. Finally, the ¥5-hardness of Vercol‘flslfg is by the fact fact that

Versg, is Zzp -hard and translation T'rs. O

This concludes our complexity analysis of general CAFs. The full complexity landscape
is summarized in Tables 3 & 4. Table 3 shows the results for inherited semantics (together
with the results of [12]) while Table 4 shows the results for claim-based semantics.

4.2 Complexity Results for well-formed CAFs

We now turn to the complexity of well-formed CAFs. First observe that all upper bounds
from the previous section carry over since well-formed CAFs are a special case of CAFs. It
remains to give improved upper bounds for verification with respect to all of the considered
semantics as well as for Skeptfl]f naive- 1he latter also requires a genuine hardness proof as it
remains harder than the corresponding problem for AFs even in the well-formed case. For
the remaining semantics, we obtain hardness results from the corresponding problems for

AFs since they constitute a special case of the respective problems for CAFs.
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We first discuss improved upper bounds for verification. For preferred as well as for both
variants of cl-stable semantics, membership is immediate by the corresponding results for
inherited semantics as the respective semantics collapse in the well-formed case [8].

Proposition 11. Verg’f is in P for o € {cl-stbes, cl-stbagm} and coNP-complete for o =
cl-prf.

For the remaining semantics, we exploit the following observation [12].

Lemma 7. Let CF = (A, R, claim) be well-formed. For S C claim(A), let

Ey(S)={a € A|cl(a) € S}

E1(S) =FEy(9) \EO(S)?_A,R)

Ey(S)={a € Ey(S) | be El(S)er,R) for all (b,a) € R}.

Then S € cf.(CF) iff S = claim(E1(S)) and S € adm.(CF) iff S = claim(E2(S)).

To check whether a set S C claim(A) is cl-naive in a given well-formed CAF CF =
(A, R, claim), we utilize Lemma 7 to test (i) S € ¢f.(CF) and (ii) S U {c} ¢ ¢f.(CF) for all
¢ € claim(A) \ S, which yields a poly-time procedure for Ver

naive "

Proposition 12. Ver%we is in P.

For inherited as well as claim-level semi-stable and stage semantics, we first compute
Ey(S), respectively E(S) in P (cf. Lemma 7). For cl-semi-stable (cl-stage) semantics,
utilize Lemma 1 to check in coNP whether E5(S) (E1(S)) realizes a cl-semi-stable (cl-stage)
claim set; similarly, for i-semi-stable (i-stage) semantics, we check that Es(S) € sem((A, R))

(E1(S) € stg((A, R))), which is known to be coNP-complete.
Proposition 13. Verg’f is in coNP for o € {cl-sem, cl-stg, sem., stg,}.

Finally, we will discuss coNP-completeness of skeptical reasoning in well-formed CAFs
w.r.t. cl-naive semantics. To show hardness, we make use of a small adaption of the standard
reduction (cf. Reduction 2) by removing the argument ¢ and all associated attacks.
wf

clonaive 8 CONP-complete.

Proposition 14. Skept

Proof. For a well-formed CAF CF = (A, R, claim), one can verify skeptical acceptance of
a claim ¢ € claim(A) by (1) guessing a set E C A such that ¢ ¢ claim(E); (2) checking
if claim(FE) is a cl-naive claim-set of CF. The latter can be verified in polynomial time,
yielding a NP-procedure for the complementary problem.

Hardness can be shown via a reduction from UNSAT: For a formula ¢ with clauses
C = {cl,...,cl,} over the atoms X, let (A, R') be as in Reduction 2. We define CF =
(A, R, claim) with A = A"\{p} and R = R'\{(cl;, ¢) | ¢ < n}, moreover, we set claim(x) = x,
claim(z) = &, and claim(cl;) = ¢. See Figure 7 for an illustrative example of the reduction.
Observe that CF is well-formed. We show ¢ is satisfiable iff ¢ is not skeptically accepted in
CF.

In case ¢ is satisfiable, then there is a model M C X of ¢. Consider E = MU{Z | ¢ M},
which is conflict-free and cannot be extended by any argument cl; assigned with claim ¢:
Indeed, since each clause cl; is satisfied by M, there is either a positive literal z € cl; with
x € M or a negative literal = € cl; with ¢ M, thus cl; is attacked by E in (A, R). Moreover,
we have that for each x € X, either # € E (and thus z € claim(E)) or & € E (and thus
Z € claim(E)) and (z,z) € R. Consequently, claim(E) is maximal among i-conflict-free
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Table 5: Complexity of inherited semantics in well-formed CAFs, full picture (results for
i-semi-stable and i-stage semantics are new). Results that deviate from general CAFs (cf.
Table 3) are highlighted in bold-face.

o Cred”  Skept”  Ver” NEY
cf. in P trivial in P in P
adm, NP-¢  trivial inP NP-c
sth. NP-¢c coNP-¢ inP NP-c
naive. | in P coNP-¢  in P in P
pre NP-c  Mb-c  coNP-c NP-c
sem. | Lh-c Nf-c  coNP-c NP-c
stge Yh-c Nf-c  coNP-c inP

Table 6: Complexity of claim-based semantics in well-formed CAFs. Results that deviate
from general CAFs (cf. Table 4) are highlighted in bold-face.

o Cred”  Skept”  Ver” NEY
cl-stby NP-c coNP-c inP NP-c
cl-stbygm | NP-c coNP-¢  inP NP-c
cl-naive inP coNP-c inP in P
cl-prf NP-c |_|2P—C coNP-¢ NP-c
cl-sem ZS—C I_Izp—c coNP-¢c NP-c
cl-stg ¥P-c  MNb-c coNP-c inP

claim-sets and thus claim(E) € cl-naive(CF). It follows that @ is not skeptically accepted
in CF.

Now assume ¢ is not skeptically accepted in CF, then there is a set S € cl-naive(CF)
such that ¢ ¢ S. For a cf.-realization E of S, we have M = EN X is a model of ¢: Consider
an arbitrary clause cl;. As @ ¢ S we have that E attacks cl;, thus there is either an argument
x € E such that (x,cl;) € R or an argument z € E with (Z,cl;) € R. In the former case, we
have x € M and thus M satisfies cl;, in the latter case Z ¢ M and thus cl; is satisfied. We
obtain that M is a model of . O

This concludes our complexity analysis of well-formed CAFs. All the results are summa-
rized in Tables 5 & 6.

5 Complexity of Concurrence

This section examines the complexity of deciding concurrence of the different variants of the
considered semantics and studies a claim-based variant of the coherence problem.

The inherent difference of maximization on argument- respectively claim-level in CAFs
has been already discussed by [8] who showed that also for well-formed CAFs, claim-level and
inherited versions of semi-stable and stage semantics potentially yield different claim-sets. In
this section, we first consider the complexity of ConS4F and Con®, that is: Given a (well-
formed) CAF CF and a semantics o, how hard is it to decide whether o.(CF) = cl-o(CF)?
Our results are summarized in Table 7 and show that deciding concurrence is in general
computationally hard; observe that for semi-stable and stage semantics, the problem is

complete for the third level of the polynomial hierarchy. For preferred and stable semantics
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Table 7: Complexity of deciding ConSF and Congf .

(o

‘ prf  naive  stby sem sty

C’ongAF FI2P—C coNP-c H2P—c I—Ig—c I'Ig—c
Con® | trivial coNP-c trivial M5-c MN5-c

on the other hand, the question becomes trivial for well-formed CAFs as the claim-based
versions of this semantics coincide with their inherited counter-parts.

We furthermore show that deciding whether cl-stbf(CF) = cl-stbygm(CF) for a given
CAF CF is M5-complete and conclude the section with a brief discussion of the well-known
coherence problem when applied to claim-based semantics. However, let us start with the
collection of results concerning concurrence which will be proven in the forthcoming two
subsections.

Theorem 1. The complexity results depicted in Table 7 hold.

5.1 Concurrence of General CAFs

We start with a rather straight-forward observation for preferred and naive semantics which
will be useful for both membership and hardness arguments. The distinguishing factor of
inherited and claim-level variants of preferred and naive semantics is incomparability: a set
of sets X = {X1,..., X, } is incomparable iff X; € X; for all 4, j < n. Claim-level variants of
both semantics return incomparable sets of claim-extensions since maximization is performed
on claim-level. We show next that the two different variants of preferred and naive semantics
coincide iff the inherited variants return incomparable sets as well.

Proposition 15. For a CAF CF = (A, R, claim), for o € {prf, naiwve}, o.(CF) = cl-o(CF)
if and only if o.(CF) is incomparable.

Proof. Let o = prf (the proof for 0 = naive is analogous). Assume prf.(CF) is incomparable
and let S € prf.(CF). Then S € adm.(CF). Now assume there is T' € adm.(CF) with
T D S. Consider a admc-realization E of T in CF and let E' € prf((A,R)) with E C FE'.
But then claim(E') € prf.(CF) and claim(E') 2 T D S, contradiction to prf.(CF) being
incomparable. O

To get upper bounds for preferred and naive semantics, it thus suffices to verify incom-
parability of o.(CF). We give a £5 (NP resp.) procedure for the complementary problem:
Guess E,G C A and check (i) E,G € 0((A4, R)) and (ii) claim(E) C claim(G). The former
is in coNP for prf (in P for naive) by Table 1.

Membership for the remaining semantics is by the following generic guess and check
procedure for the complementary problem: To show for a given CAF CF = (A, R, claim) that
0:(CF) # cl-o(CF') one first guesses a set of claims S C claim(A) and checks whether S €
0.(CF) and S ¢ cl-o(CF) or vice versa. The complexity of the procedure thus follows from
the corresponding results for verification with respect to the considered semantics, i.e. NP-
membership for the stable semantics; ZZP -membership for semi-stable and stage semantics,
cf. Tables 3 and 4.

Before turning to the results for the matching lower bounds in general CAFs, let us point
out that for all except naive semantics, deciding concurrence admits a lower complexity for
well-formed CAFs than for general CAFs. In the preliminary version of this paper, we have
proven coNP-hardness of deciding concurrence for general CAF's while the complexity of this
problem for well-formed CAF's has been left open. This gap has been closed recently [25] by
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showing that coNP-hardness holds even in the well-formed case. Due to this novel insights,
we omit the original hardness proof for general CAF's presented in [16] and refer the interested
reader to [25].

Proposition 16. Cong:;}F is M5 -hard.

Proof. We present a reduction from Skept%f : Given an instance (A, R), a € A from Skep pr? .
W.l.o.g. we can assume that the preferred extensions of (A, R) are non-empty (otherwise
add an isolated argument). We construct CF = (A', R, claim) with A" = AU {i,j}, R =
RU{(j,b), (b,j) | b€ A}, and claim(a) = claim(j) = c1, claim(b) = cp for b € (A\ {a})U{i}.
Then prf((A,R")) ={FU{i} | E € prf((A,R))} U{{i,j}} since the argument i is isolated
and thus appears in each extension; moreover, j mutually attacks each argument b € A.
For all extensions D € prf((A’,R")) with a € D we have claim(D) = {c1,ca}; for all
extensions D € prf((A',R')), D # {i,j}, with a ¢ D, we have claim(D) = {c2}; moreover,
claim({i,j}) = {c1, c2} and thus we have {c1, c2} € prf.(CF) independently of the considered
instance. Thus a is not skeptically accepted in (A, R) with respect to preferred semantics iff
{ea} € prfc(CF) iff prf.(CF) is not incomparable. Applying Proposition 15 concludes the
proof. O

Next we present our |_|2P -hardness proof for claim-level stable semantics. We will make
use of the following reduction.

Reduction 6. Let W =VY3Zp(Y, Z) be an instance of QSATQV, where ¢ is given by a set
of clauses C = {cly,...,cly} over atoms in X =Y U Z and let (A, R) be as in Reduction 2.
We define a CAF (A', R, claim) with

A= A\ {p)
R = (RU{(cli,cli) | i < n}) \{(cli, ) | § <)

and claim(y) =y, claim(y) = g, claim(v) = claim(cl;) = ¢ fori <n andv € ZU Z.
See Figure 8 for an illustrative example of the reduction.
Proposition 17. ConG!*', 7 € {cf, adm} is N5 -hard.

Proof. We present a reduction from QSATY. Let ¥ = VY3Zp(Y,Z) be an instance of
QSATj, where ¢ is given by a set of clauses C' = {cly,...,cl,} over atoms in X =Y U Z.
Let (A, R) be as in Reduction 6.

We will first show that (a) cl-stb, = {Y'U{y |y ¢ Y'}U{c} | Y’ CY}: Each 7-cl-stable
claim-set S contains either y or ¥ by construction; moreover, ¢ € S since c is not defeated
by any conflict-free set of arguments EF C A, thus each 7-cl-stable claim-set is of the form
Y'U{g |y ¢ Y'}U{c} for some Y’ C Y. Moreover, each such set is stb,-realizable, since
forany Y CY,z€ Z, theset E=Y' U{y |y ¢ Y'}U{z} is admissible (conflict-free) in
(A, R') and attacks every a € A such that claim(a) ¢ claim(E).

We show U is valid iff stb.(CF) = cl-sth.(CF).

Assume VU is valid. Let Y’ C Y. Then there is Z/ C Z such that ¢ is satisfied by
M=Y'UZ. Lt E=MU{z|x¢ M}. Since M satisfies each clause cl;, there is either
x € cl; with € M or there is & € cl; with = ¢ M. It follows that each cl;, i < n, is
attacked by E. Since F is also conflict-free we have shown that E is a stable extension of
(A, R) and therefore Y/ U{y | y ¢ Y'} U{c} € sth.(CF). As Y’ was arbitrary, we have that
Y'U{g |y ¢ Y'}U{c} € sth(CF) for all Y’ C Y. We conclude that stb.(CF) = cl-stb,(CF)
by (a).

Assume stb.(CF) = cl-stb,(CF). Let Y/ C Y. By (a) we have that S =Y' U{y |y ¢
Y'Y u{c} € cl-sth,(CF) = sth.(CF). Consider a sth-realization E of S and let Z' = EN Z.
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Then M = Y’ U Z’ satisfies p: Consider an arbitrary clause cl;. As E attacks cl; there is
either an argument « € E with (z,cl;) € R or an argument z € E with (Z,cl;) € R. In the
former case, x € cl; and x € M and thus cl; is satisfied; in the latter case, Z € ¢l; and © ¢ M
and thus cl; is satisfied. Thus M is a model of . We have shown that for every Y’ C Y,
there is Z’ C Z such that Y/ U Z’ satisfies . It follows that ¥ is valid. O

We finally arrive at the r|3P -hardness proofs for concurrence in the case of semi-stable and
stage semantics. We reduce from QSATS. Our formulae are of the form ¥ = 3XVY3Zp(X,Y, Z)
for a CNF ¢ over variables in X UY U Z. The basis for our reduction builds the standard
reduction (cf. Reduction 2). We will deal with the arguments corresponding to the different
groups of literals over X, Y, and Z as follows:

e For each argument [ € {z, -2} corresponding to a literal over atoms in X, we introduce
a self-attacking dummy argument d; which is attacked by [. Moreover, each argument
is assigned its own name; i.e., argument [ has claim [.

In this way, we ensure that we can treat different truth assignments for atoms in X
separately in the CAF (the dummy arguments indicate whether z or —x is contained
in the extension because only one of them is contained in the range). Moreover, each
truth assignment gives rise to a distinct claim-extension.

e For arguments corresponding to literals over Y, we proceed similarly and introduce
dummy arguments. However, we do not distinguish between atoms and their nega-
tion. We do so by assigning the argument corresponding to atom y and the argument
corresponding to its negation the same claim y, for each atom y € Y.

Again, we encode the truth assignments for atoms in Y with the dummy arguments.
However, now we cannot distinguish the truth assignments when looking only at the
claim-extensions of the CAF.

e Arguments associated to literals over Z do not distinguish between atoms and their
negation. We assign each pair of arguments corresponding to an atom z € Z and its
negation the same claim z.

For atoms over Z, it does not matter whether we choose the argument corresponding
to a given atom or its negation. As the arguments are existentially quantified it suffices
to consider some satisfying assignment.

We furthermore extend the basic reduction with attacks on and from the argument
corresponding to ¢. First, we add an argument ¢ that symmetrically attacks ¢. In this
way, we ensure that ¢ appears in the (claim-)range of each extension. Second, we add two
self-attacking arguments d; and de with the same claim d. Here, only one of them (d;)
is attacked by . This gadget is crucial to separate claim-level and inherited semantics:
On argument-level, it is always better to include ¢ instead of ¢ in the extension whenever
possible since the argument-based range contains d; if ¢ is contained in the extension. The
claim-range of an admissible (conflict-free) set, however, does not distinguish between an
extension containing ¢ and an extension containing ¢ since not all occurrences of d are
attacked.

Below, we state the formal definition.

Reduction 7. Let ¥ = 3XVY3IZp(X,Y, Z) be an instance of QSATS, where ¢ is given by
a set of clauses C = {cly, ..., cly} over atoms in V=X UY UZ. We can assume that there
is a variable yo € Y with yo € cl; for all i < n (otherwise we can add such a yo without
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changing the validity of V). Let (A, R) be the AF constructed from ¢ as in Reduction 2. We
define CF = (A", R/, claim) with

A= AU{dy,do, ¢} U{dy,ds |vE X UY}
R = Ru{(a,d,), (da,ds),]a € XUXUY UY} U

and claim(v) = claim(v) = v for v € Y U Z; claim(cl;) = ¢ for i < n; claim(d;) = d for
i =1,2; claim(a) = a otherwise.

An illustrative example of the reduction is given in Figure 9.
The following lemma deals with the structure of the cl-semi-stable and i-semi-stable
claim-sets of the constructed CAF CF.

Lemma 8. Let ¥ = 3XVY3IZp(X,Y, Z) be an instance of QSAT; and let CF = (A, R, claim)
be as in Reduction 7. Then for all E € sem((A, R)),

1. pe Espé¢ FE;

2. @EE@E&R):A\({da|a€(XUXUYUY)\E}U{d2});

3. pe EsCNE#0;

4. @eE@EaR) =A\({dy|a € (XUXUYUY)\ E}U{d,da}).
Proof. Let F' = (A, R) and first observe that (1) is immediate by construction.

For (2), first assume ¢ € E. Then ¢,d; € EY. since ¢ € E; also, ¢ € E only if E defends
¢ against each cl;, i < n, thus each cl; is attacked by E; moreover, each a € V UV is either
contained or attacked by E, otherwise, D = E'U {a} is admissible in (4, R) with D > E%,
contradiction to E € sem((4, R)). Thus VUV € EY and d, € Ef. fora € EN(XUXUYUY).
In case ER = A\ ({dq | a € (XUXUY UY)\ E}U{ds}), we have ¢ € E since ¢ is the only
argument attacking dy.

To show (3), first assume @ € E. Towards a contradiction assume C N E = (). Then
D = (EU{¢})\ {¢} is admissible in (4, R) and D is a proper subset of EY, contradiction
to E being semi-stable in (A, R). It follows that CNE # (). The other direction is immediate
since CN E # () implies ¢ ¢ E. By (1) we obtain ¢ € E.

To show (4) let us again assume ¢ € E. Then ¢ € Ej; moreover, each a € V UV is
either contained in E or attacked by E, otherwise, D = (E U {a}) \ {cl; | i <n,(a,cl;) € R}
is admissible in (A, R) and satisfies D§ D EF, contradiction to E € sem((A4, R)). We thus
have VUV € Ef and d, € Ef fora € EN(XUXUY UY). Also, each cl; is either attacked
by E or defended by E (by (3), there is at least one i < n such that cl; € E). The other
direction follows since di ¢ E and thus ¢ ¢ E. O

Next we provide some properties for the reduction making use of the observation that for
any instance of QSAT;, each i-semi-stable and each cl-semi-stable claim-set in the resulting
CAF is of the form Sxs U {e} where

Sy =X'u{z|z¢ X'}uYuZz

for some X’ C X and for e € {p, ¢}; in fact, it can be shown that each such set is cl-sem-
realizable. Note that this is not the case for i-semi-stable semantics (as a counter-example,
consider e = ¢ and X = {z} in Figure 9).
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Lemma 9. Let CF = (A, R, claim) be as in Reduction 7 for an instance IXVY3IZp(X,Y, Z)
of QSAT;. Then,

{Sx: U{p} | X' C X} C sem.(CF) C cl-sem(CF) =
{SxU{e} | X' C X, e e {p,p}}

Proof. Let F' = (A, R). To prove the statement we will first show that (i) each cl-semi-
stable and each i-semi-stable claim-set is of the form Sx/ U {e} for some X' C X and for
e € {p,p}. As sem.(CF) C prf.(CF) and cl-sem(CF) C prf.(CF), it suffices to prove the
statement for each i-preferred claim-set S. First observe that S cannot contain both a,a
for a € X U {p} since there is no cf.-realization containing both a,a. As each other claim
in claim(A) \ (V UV U {,p}) is self-attacking, it remains to show that Sx/ U {e} C S for
some X' C X, e € {p,p}: (a) S contains X' U{Z | z ¢ X'} for some for some X' C X:
Assume there is z € X such that 2,2 ¢ S. Consider a prf.-realization F of S and let
D = EuU{z}. D is conflict-free since z,d, ¢ E, moreover, cl; ¢ E for each clause cl; with
(z,cl;) € R, since cl; is not defended against the attack (x,cl;). Also, D is admissible since
FE does not contain the only attacker z of x and D D F, contradiction to F being preferred
in (A, R). (b) S contains Y U Z: Assume there is v € Y U Z such that v ¢ S. Consider a
prfe-realization E of S and let D = E U {v}. D is admissible since v ¢ E by assumption
v ¢ S and D D E, contradiction to E being preferred in (A4, R). (c¢) S contains either ¢ or
@: Towards a contradiction, assume ¢, ¢ S. Consider a prf.-realization E of S and let
D = EU{p}. D is admissible since ¢ ¢ E and D D E, contradiction to E being preferred
in (A, R). We thus have shown that each inherited as well as each claim-level semi-stable
claim-set is of the form Sx/ U {e}, e € {¢, ¢}, for some set X' C X.

Next we show that each set of the form Sy U {¢} is i-semi-stable in CF. Fix some set
X' CXandlet E =X UY UZ' U{o|v¢g X UY UZ}U{p} for some Z' C Z and
Y' CY with yg € Y. E defends ¢ as yg € cl; for all i < n, thus E is admissible. Moreover,
E is semi-stable since Ef = VUV U{d, |a € EN(XUXUYUY)}UCU{p,p,d1}
is subset-maximal: Assume there is D € adm((4, R)) with DE > E%, that is, there is
e€{de}U{dy|a€e (XUXUYUY)\ E} such that e € D%; in particular, e € D} because
all considered arguments are self-attacking. Observe that ds ¢ D;,C since its only attacker is
self-attacking. In case e = d, for some a € (X UXUY UY)\ E we have a € D and a € D
and thus D is conflicting, contradiction to D being conflict-free. Thus we have shown that
claim(E) = Sxr U {p} is i-semi-stable.

It remains to prove that each set of the form Sy U {e} for some X' C X, e € {p, 5}
is cl-semi-stable in CF. Let X’ C X. We first show that Sxs U {¢} is cl-semi-stable in
CF. Consider some Y’ C Y, Z' C Z and let C' C C denote the set of clauses cl; which are
not attacked by X' UY'UZ' U{v |v ¢ X' UY' UZ'}. Let E=X'"UY' UZ' U{v|v ¢
X'UuY'uZ'tul U{p}. Then E is admissible, claim(E) = Sx: U{@}, and vop(E) = {d, |
ae X'UY'UZ'U{v|v¢ X' UY'UZ'}}U{p}. Thus claim(E)Uver(E) is subset-maximal
among admissible sets since it contains every claim ¢ € claim(A) which is assigned to non-self-
attacking arguments; moreover, it contains a maximal set of claims among {d, | v € V UV}
since it contains precisely one of d,, d; for each v € V; furthermore observe that d ¢ vor(E)
for all conflict-free sets E C A since dy ¢ Ejf for every E € cf((A,R)). It follows that
Sxr U {p} is cl-semi-stable. In a similar way we show that Sxs U {¢} is cl-semi-stable in
CF. Let E=X'UY' UZ U{v |v¢g X' UY' UZ}U{p} for some Z/ C Zand Y' CY
with yo € Y’. Then E defends ¢ as yg € cl; for all i < n, thus F is admissible. Moreover,
claim(E) = Sx: U{¢} and vop(E) ={d, |a € X' UY' UZ'U{v |v ¢ X' UY'UZ'}} U{p}.
Similar as before we conclude that claim(E) U vep(E) is subset-maximal among admissible
claim-sets. O

We are now in the position to prove the desired I'Ig -hardness result.
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Proposition 18. ConSAF s MY -hard.

Proof. Let CF = (A, R, claim) be the CAF generated by Reduction 7 from the given
QSATS instance ¥ = IXVYIZp(X,Y,Z) and let F = (A, R). We show that ¥ is valid
iff sem.(CF) # cl-sem(CF'). Since sem.(CF) C cl-sem(CF) by Lemma 9, the latter reduces
to showing that sem.(CF) is a proper subset of cl-sem(CF'), that is, we show that ¥ is valid
iff there is some X’ C X such that Sxs U {@} is not semc-realizable in CF.

Let us first assume that ¥ is valid, that is, there is X’ C X such that for all Y C Y,
there is Z/ C Z such that X' UY’' U Z’ is a model of ¢. We show Sx/ U {p} ¢ sem.(CF).
Towards a contradiction, assume there is E € sem((A, R)) with claim(E) = Sx,U{@}. Then
¢ € E. By Lemma 8, we have B, = A\ ({d, |a € (XUXUY UY)\ E}U{d1,ds}). Let
Y’ = ENY. By assumption ¥ is valid, there is Z’ C Z such that M = X' UY'U Z' is
a model of p. Let D = M U{v | v ¢ M} U {p}. D is conflict-free; moreover, D attacks
every cl;, 1 < n, using that M is a model of : For each clause cl;, there is v € V such that
either v € ¢l; N M (in that case, v € D and (v,cl;) € R) or v € cl; and v ¢ M (in that
case, v € D and (v,cl;) € R). It follows that D is admissible as ¢ is defended against each
attack of clause-arguments cl;. Next we show that D;‘? is a proper superset of E;‘?: Clearly,
VUV C D;‘?; also, C C DE‘? as shown above; moreover, ¢,d; € D? since ¢ € D. As D
and E contain the same arguments ¢ € X UX UY UY by construction, we furthermore
have {d, |a € (XUXUYUY)\E} ={d, |a€ (XUXUYUY)\ D}. It follows that
D =A\({ds|a€ (XUXUYUY)\ E}U{ds}). Thus D is admissible and Df > EF,
contradiction to our assumption E is semi-stable in (A, R).

Next assume VU is not valid. We show that for all X’ C X, Sx» U{@} € sem.(CF). Fix
X' C X. Since ¥ is not valid, there is Y/ C Y such that forall Z/ C Z, X’UY’ U Z’ is not a
model of p. Fix Z/ C Z and let E = X'UY'UZ'U{v | v ¢ X'UY'UZ'}UC'U{p}, where C' C C
contains all clauses ¢l; which are not attacked by X' UY'UZ'U{a|a ¢ X'UY'UZ'}. Then
E is admissible and Ef = A\ ({d, | a € (XUXUY UY)\ E}U{dy,ds2}). We show that E is
semi-stable in (A4, R): Assume there is D C A with D§ D Ef. First observe that D attacks
the same arguments d,, a € XUXUY UY, as F and thus X’UY’ C D. By Lemma 8 and since
D¢ is strictly bigger than EY, we have that D = A\ ({d, | a € (XUXUYUY)\D}U{d>}).
It follows that ¢ € D. Let Z” = DN Z. Then M = X' UY'U Z"” is a model of ¢: As each
cl;, 1 < n, is attacked by D, there is a literal [ € D with [ € cl;; now, if [ is a positive literal,
we have [ € M, in case [ is a negative literal, we have [ ¢ M. Thus ¢ is satisfied by M,
contradiction to our initial assumption ¥ is not valid. It follows that Sx: U{p} € sem.(CF)
for all X' C X. Thus sem.(CF) = cl-sem(CF) by Lemma 9. O

NE-hardness of C'onsotﬁF also uses Reduction 7 since stg.(CF) = sem.(CF) and cl-stg(CF) =
cl-sem(CF) for all CAFs CF generated via the reduction. The proof proceeds similar as the
proof of Lemma 9 and can be found in the appendix.

Lemma 10. Let ¥ = 3XVY3IZp(X,Y, Z) be an instance of QSATS and let CF = (A, R, claim)
be as in Reduction 7. Then

1. cl-sem(CF) = cl-stg(CF); and
2. sem.(CF) = stg.(CF).
ﬂ3P -hardness of ConSA thus follows from the above lemma and from Proposition 18.

stg

Proposition 19. Oongﬁp is NE-hard.
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5.2 Concurrence of Well-formed CAFs

For well-formed CAFs, cl-preferred and i-preferred as well as all considered variants of stable
semantics coincide [8] thus the respective problems become trivial. Since for semi-stable
and stage semantics, the complexity for verification drops for both variants, we get the FI2P -
membership results, by using the same generic membership argument as for general CAFs.

As coNP-hardness of deciding concurrence for naive semantics has been proven in [25] it
remains to show matching hardness results for semi-stable and stage concurrence. This is
by a reduction from QSAT. QV with some appropriate adaptions of Reduction 2.

Reduction 8. Let ¥ = VY3Zp(Y, Z) be an instance of QSATY, where ¢ is given by a set
of clauses C = {cly,...,cly} over atoms in X =Y UZ. Let (A, R) be the AF constructed
from ¢ as in Reduction 2. We define CF = (A, R, claim) with

A= Aud{e,di,da, o1, P2}
R = RU{(a,d,)(dg,ds) | a € YUY} U{(d;,d;) | 1,5 =1,2} U
{(CL, b) | a,be {907 P15 @2}7 a# b} U {(907 6)7 (67 6)7 (907d1)7 (@17 dl)}
and claim(dy) = claim(dz) = d and claim(v) = v otherwise.

An example to illustrate the reduction is given in Figure 10. We observe that conflict-free
claim-sets admit a close correspondence to their realizations in the underlying AF since all
arguments except the self-attacking arguments d; and ds have been assigned unique claims.
The following observations are easy to verify.

Lemma 11. Let ¥ = VY3Zp(Y,Z) be an instance of QSATY, let o € {sem, stg} and let
CF = (A, R, claim) be as in Reduction 8. Then

1. for all E € ¢f((A, R)), (claim(E))&p = E(—E‘LR) \ {di};
2. every S € cf.(CF) admits a unique realization in (A, R);
3. for all S € 0.(CF)U cl-o(CF), either p € S or o1 € S or g3 € S.

The following two lemmas will be useful to prove M5-hardness of Con® for semi-stable
and stage semantics. First, we will show that each inherited semi-stable (i-stage) claim-set
is cl-semi-stable (cl-stage).

Lemma 12. Let ¥ = VY3Z(Y,Z) be an instance of QSATY, let o € {sem, stg} and let
CF = (A, R, claim) be as in Reduction 8. Then o.(CF) C cl-o(CF).

Proof. Let F' = (A, R) and consider S € o.(CF') and let E denote the unique o,-realization
of Sin (A, R). As E € o((A, R)), we have that EU E}. is subset-maximal among admissible
(conflict-free) extensions. We will show that S U S’(;F is subset-maximal among i-admissible
(i-conflict-free) claim-sets. Towards a contradiction, assume S U S, is not subset-maximal
among i-admissible (i-conflict-free) claim-sets, that is, there is T' € adm.(CF) (T € cf.(CF))
with T'U TéCF > Su SJCCF. Consider the unique cf,-realization D of T in (A, R), then
DUDE\{d1} =TUT}, D SUSL, = EUESL\ {di}. If either d; € D} or di ¢ Ef we
are done since in this case, we have D U D} DFEU E;, contradiction to E being semi-stable
(stage) in (A, R). Thus we assume d; € E} but di ¢ Df.. By Lemma 11, we have @5 € D
since o does not attack dy; also, o1 € F or ¢ € E. In case ¢ € E, we have e € E;, eé¢ D}r
thus e € SU SgF but e ¢ T U Tg , contradiction to the assumption 7T'U TgF O SU SgF. In
case po € D and ¢1 € E, consider D' = (DU {¢1}) \ {¢2}. D’ is admissible (conflict-free)
as D is admissible (conflict-free) and exchanging @2 with ¢; does neither add conflicts nor
undefended arguments. Moreover, dy € (D)} and DU D} = D' U (D)} \ {d1}. Therefore
D'U(D')f > EU E}., contradiction to E being semi-stable (stage) in (4, R). O
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Next we will prove that each semi-stable (stage) claim-set that contains ¢ is both inherited
and claim-level semi-stable (stage).

Lemma 13. Let ¥ = VY3Z(Y,Z) be an instance of QSATY, let o € {sem, stg} and let
CF = (A, R, claim) be as in Reduction 8. Then for all S € o.(CF)Ucl-0(CF), ¢ € S implies
S € o.(CF)N cl-o(CF).

Proof. Let F' = (A, R). By Lemma 12, 0.(CF) C cl-o(CF) thus it suffices to prove the
statement for S € cl-o(CF). Let E denote the unique cf.-realization of S in (A, R). We
will show E € o((A, R)). Towards a contradiction, assume there is D € adm((4, R)) (D €
¢f ((A, R))) with DUD}. > EUE}.. As ¢ € E we have d; € E. and thus DUDE\{d,} D EU
Ef\{di}. By Lemma 11, claim(D)Uclaim(D)} = DUD{\{d1} D EUEL\{d1} = SUS{p,
contradiction to S being cl-semi-stable (cl-stage) in CF. O

Proposition 20. Con, o € {sem, stg}, is NS -hard.

Proof. Let ¥ = VY3Zp(Y,Z) be an instance of QSAT, and let CF = (A, R, claim) be as
in Reduction 8. Moreover, let F' = (A, R).

We will show U is valid iff o.(CF) = cl-o(CF).

First assume V¥ is valid. We show that in this case, ¢ € S for all S € 0.(CF)U cl-o(CF).
By Lemma 13, this implies S € o.(CF) N ¢l-o(CF) and thus o.(CF) = cl-o(CF).

By Lemma 12, it suffices to prove the statement for every S € cl-o(CF). Towards a
contradiction, assume there is S € cl-0(CF) such that ¢ ¢ S. Then e ¢ SU S{. Let
Y = SNY. Since ¥ is valid, there is Z/ C Z such that Y’ U Z’ is a model of ¢. Let
E=Y UuZ uUu{z|z¢Y' UZ}U{p}. Then S’ = claim(F) is i-admissible (i-conflict-free)
and S" U (S ¢y = claim(A)\ ({d} U {d, | y ¢ E}U{d; | § ¢ E}). We can conclude that
STU(S)Er D SUSE since e ¢ SUSE, and {d}U{dy |y ¢ EYU{dy |y ¢ E}Y L SUSEy,
contradiction to our initial assumption S is cl-semi-stable (cl-stage). It follows that ¢ € S
for every S € cl-o(CF).

Now assume W is not valid, i.e., there is Y’ C Y such that for all Z’ C Z, Y/ U Z’ is not
a model of p. We will show that o.(CF) C cl-o(CF). Fix Z' C Z and let E =Y'UZ' U{Z |
x ¢ Y UZ'}. Moreover, let By = EUC' U{¢1} and Ey = EUC U {p2} where C' C C
contains all clauses cl; such that E Necl; = (. Clearly, E1,Ey € adm((A,R)) (E1, Es €
cf((A, R))) and thus Ey = claim(E1), Ey = claim(E3) € adm.(CF) (E1 = claim(Ey), Ey =
claim(Ey) € cf.(CF)). Observe that (E»)F C (E1)% since d; is attacked by ¢1 € Ey but
there is no a € Fj such that (a,d;) € R. It follows that Fy = claim(E3) ¢ o.(CF). We
show that Ey € cl-o(CF) for o € {sem, stg}, that is, we show that claim(Es) U (E2)5p =
claim(A) \ ({e,d} U{dy |y ¢ E}U{dy | ¥ ¢ E}) is maximal among admissible (conflict-
free) claim-sets: Towards a contradiction, assume there is T € adm.(CF) (T € cf.(CF))
such that TU T}, O claim(E) U (E2)fp. As {dy |y € Y'}U{dy |y ¢ Y'} C T}y we have
Y'U{y |y ¢ Y'} C T and T} does not contain any claim in {d, | y ¢ E}U{dy; | § ¢ E} since
for every y € Y, there is no conflict-free set attacking both d, and dy. Moreover, d ¢ TgF
for every T € cf.(CF) since d; and ds are the only attackers of ds and d; is self-attacking.
It follows that e € T gF and thus ¢ € T. Consider the unique cf.-realization D of T". Since
¢ € D we have we have cl; ¢ D for every i < n and thus each cl; is attacked by D. Let
M = DN X and consider an arbitrary clause cl;. As each cl; is attacked by D, there is either
x € D with z € cl; or T € D with T € cl;. In the former case, we have x € M and thus
cl; is satisfied, in the latter case, x ¢ M and thus cl; is satisfied. Thus M is a model of ¢
and Y’ C M, contradiction to our initial assumption Y’ U Z” is not a model of ¢ for every
7" C Z. O
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5.3 Coherence and Concurrence of Stable Variants

We conclude this section by analyzing two related problems. First, we ask ourselves how
hard it is to decided whether the two variants of the claim-based stable semantics coincide.
Bearing in mind the complexity of the verification problem of the two semantics, the problem
has to be contained in I'IS’ ; however, as we show next, it is also hard for this class for general
CAFs. For well-formed CAF's recall that the two variants collapse anyway making this
problem trivial for well-formed CAF's.

Proposition 21. Given a CAF CF = (A, R, claim), deciding whether
cl-stbor (CF) = cl-5tbgam (CF) is n& -complete.

Proof. We present a Z2P -procedure for the complementary problem.
(1) Guess a set S C claim(A);
(2) check S € cl-sthf(CF) and S ¢ cl-5tbggm (CF).

The latter can be checked in NP, respectively, coNP.

We present a reduction from QSATy. Let ¥ = VY 3Zp(Y, Z) be an instance of QSATY,
where ¢ is given by a set of clauses C = {cly,...,cl,} over atoms in X = Y U Z. We
construct a CAF CF = (A, R, claim) given by

e A=XUXUCU{p,p};

e R=A{(z,cly) |z e€cli} U{(z,cl; | T € cli} U{(cl;,cl;), (cli,g_p) i <n}U{(x,2),(Z,z) |
z e XtU{(p,9),(@,0) ) U{(g,2) |2 € Z}U{(p,2) | 2 € Z};

o claim(y) = y, claim(y) = y fory € Y, § € Y, claim(z) = claim(z) = claim(cl;) =
claim(p) = claim(@) =cfori<n,z€ Z,z€ Z.

See Figure 11 for an illustrative example. We show

(a) for all Y C Y, Y'U{y |y ¢ Y'} U{c} € cl-stb(CF). Moreover, there is no other
cf-cl-stable claim-set in CF'.

Let Y/ C Y be arbitrary, let z € Z and let E =Y’ ' U{y |y ¢ Y'} U{z}. Clearly, E is
conflict-free in (A, R); moreover, E attacks every a € A such that claim(a) ¢ claim(E).
It follows that claim(E) =Y U{y |y ¢ Y'} U{c} € ¢f.(CF). Moreover, claim(E)
is maximal among all conflict-free claim-sets: Assume there is T' € ¢f.(CF) such that
T D claim(E) for some Y’ C Y. Then there is y € Y such that y € T and § € T,
contradiction to cf-realizability of T since for every y € Y, y and § mutually attack
each other. We can furthermore conclude that no other cl-stable claim-set exists since
for every y € Y, y and § mutually attack each other. Thus each cf-cl-stable claim-set
is of the form Y/ U{y |y ¢ Y'} U{c} for some Y/ C Y.

(b) W is valid iff cl-stbgaam (CF) = cl-stbos(CF).

Assume V is valid. We show that stb.(CF) = cl-stb.f(CF), cl-5tbggm(CF) = cl-stbo; (CF)
then follows since stb.(CF) C cl-5thaqm(CF) C cl-stbos(CF). Let Y’ C Y. Then there

is Z' C Z such that ¢ is satisfied by M = Y'UZ'. Let E = MU{Z |z ¢ M} U{p}.
Since M satisfies each clause cl;, there is either x € cl; with x € M or there is T € ¢l;
with « ¢ M. It follows that each cl;, i < n, is attacked by E; moreover, E attacks ¢
since ¢ € E. Since E is also conflict-free we have shown that E is a stable extension
of (A, R) and therefore Y/ U {y | vy ¢ Y'} U {c} € stb.(CF). As Y’ was arbitrary,
we have that Y U{y |y ¢ Y'} U {c} € stb.(CF) for all Y/ C Y. We conclude that
sthe(CF) = cl-stbogm (CF) = cl-stbe (CF) by (a).
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Assume cl-stbggm (CF) = cl-stbs(CF). Let Y/ C Y. By (a) we have that S =Y U{y |
y ¢ Y'YU{c} € cl-stbygm(CF) = cl-stb.s(CF). Consider an adm-realization E of S and
let Z/=ENZ. Then M =Y’ U Z' satisfies : First observe that ¢ € E: Since c € S,
there is some a € A with claim(a) = c such that a € E. Moreover, a € Z U Z U {p}
since every other claim assigned with c is self-attacking. In case a = ¢, we are done;
in case a = z or a = Z for some z € Z we have p € F since E defends a against .
Since ¢ € E, we furthermore have that E attacks each clause cl; since ¢ is defended
by E against cl;. Now, consider an arbitrary clause cl;. As F attacks cl; there is either
an argument z € E with (z,¢l;) € R or an argument z € E with (z,cl;) € R. In the
former case, x € cl; and x € M and thus cl; is satisfied ; in the latter case, T € cl;
and z ¢ M and thus cl; is satisfied. Thus M is a model of . We have shown that for
every Y/ C Y, there is Z/ C Z such that Y/ U Z’ satisfies . It follows that ¥ is valid.

O]

The second problem we would like to discuss here is the well-known coherence problems,
which asks whether for a given AF its preferred and stable extensions coincide, shown I_Ig -
complete in [23]. The problem was studied for inherited semantics in [12] showing that
complexity remains on the second level. The forthcoming result shows that, although the
complexity of the verification task increases for claim-based preferred semantics, testing
coherence for CAF's in terms of cl-semantics is of the same complexity as in the AF setting,
as well.

Proposition 22. Given a CAF CF = (A,R,claim), o € {cf,adm} deciding whether
cl-stby(CF) = cl-prf(CF) is N5 -complete; hardness holds even for well-formed CAFs.

Proof. We present a Z2P -procedure for the complementary problem.

(1) Guess a set S C claim(A);

(2) check S € (cl-stbs(CF) \ cl-prf(CF)) U (cl-prf(CF) \ cl-stby(CF)).
Verifying that S is cl-preferred is DP-complete, verifying that S is cl-stable is NP-complete,
yielding a Zg -algorithm.

Hardness follows from the corresponding result for AFs, i.e., deciding coherence for AFs
is M5-complete. ]

6 Tractable Fragments

While most of the decision problems considered in Section 4 are intractable, some of them
become tractable when restricted to specific graph classes or when parameterized by some
criterion characterizing the structure of the framework. Thus, in what follows, we will revisit
those decision problems and investigate their complexities when restricted to such graph
classes or when parameterized by the number of claims within the framework. This is in the
line of similar investigations for AFs where tractable graph classes have been considered [26,
6] as well as fixed-parameter tractable algorithms [27, 28, 29].

6.1 Graph classes

We will consider five graph classes that have proven themselves promising for acquiring
improved bounds for Dung AFs [26, 6]. Based on their graph structure, we will consider
CAFs CF = (A, R, claim) that fall into one of these five classes:

o Acyclic CAFs, if there is no directed cycle in (A4, R).

29



e Noeven CAFs, if there is no directed cycle of even length in (A, R).

o Symmetric CAFs, if the attack relation R is symmetric, i.e. whenever (a,b) € R then
also (b,a) € R.

o Symmetric irreflevive CAFs, if CF is symmetric and contains so self-attacks, i.e.
(a,a) € R for all a € A.

e Bipartite CAFs, if (A, R) is a bipartite graph, i.e. does not contain an undirected cycle

of even length.

We recall that on well-formed CAFs, the inherited and claim-level variants coincide for
preferred and stable semantics. Thus for cl-preferred and cl-stable semantics in well-formed
CAFs, the complexity results for credulous and skeptical reasoning as well as verification
carry over from the respective inherited counterparts [12].

6.1.1 Acyclic CAFs

For acyclic CAF's, we obtain tractability for most of the considered problems since all con-
sidered admissible-based as well as all range-based semantics coincide with grounded seman-
tics. This is an immediate consequence of the respective property for acyclic AFs where
grd(F) = prf(F) = stb(F) = sem(F) = stg(F') for each acyclic AF F [15].

Proposition 23. For acyclic CAFs, for A € {CAF, wf}, CredaA, SkethA, and Ver? is in P
for o € {cl-prf, cl-stb.s, cl-stbagm, cl-sem, sem,, cl-stg, stg.}.

For cl-naive semantics, on the other hand, the restriction to acyclic graphs does not yield
any computational advantages. To obtain I'Ig -hardness for skeptical acceptance and DP-
hardness for verification in the general case, we adapt Reduction 1 by taking unidirectional
instead of bidirectional edges; acyclicity can be easily guaranteed if e.g., each argument which
corresponds to a positive atom has only outgoing attacks and each argument corresponding
to a negated atom has only incoming attacks; additionally, we remove all attacks from the
argument . For coNP-hardness of skeptical acceptance for cl-naive semantics for well-formed
CAFs, we adapt the reduction from the proof of Proposition 14 accordingly, e.g., by removing
all attacks from arguments representing positive literals. We thus obtain the following result.

Proposition 24. For acyclic CAFs, Cred A € {CAF,wf}, and Ver"

cl-naive’ cl-nawe ¥ M P;

SkeptSAL s I'I2P—complete; Skeptwf is coNP-complete; and VerSAL is DP-complete.

cl-naive cl-naive cl-naive

We note that NE2, A € {CAF,wf} is trivial for all considered semantics o since the
grounded extension is non-empty (assuming A = ().

6.1.2 Noeven CAFs

We first recall that grounded, preferred, and semi-stable semantics coincide for each noeven
AF F = (A R), and grd(F) = stb(F) if grd(F) # {0} [30, 15]. We thus obtain that
grd.(CF) = cl-sem(CF) = sem.(CF) = prf.(CF), moreover, sth.(CF) = cl-5tbggm(CF)
since the underlying AF has a unique preferred extension that serves as candidate set for
realizing a stable claim-set. Since the grounded extension can be computed in P we obtain
the following results.

Proposition 25. For noeven CAFs, for A € {CAF,wf}, Cred>, Skept>, Ver®, and NE2
is in P for o € {cl-prf, cl-stbygm, cl-sem, sem.}.
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Proposition 24 also applies in the noeven case.

PI‘OpOSlthn 26. For noeven CAFs, Cred’
and Ver

cl-naive
Ver¢A is DP-complete.

A e {CAF,wf},
is in P; SkeptGAL. s I'IP—complete Skept": wf is coNP-complete; and

cl-naive cl-naive

cl-naive’

cl-naive

However, for the cl-stb.s semantics, the problems remain hard. Towards this, we intro-
duce the following reduction

Reduction 9. Let ¢ be an instance of 3-SAT, with ¢ given as a set of clauses C =
{c1,...,cn} over atoms in X, where negated atoms are denoted by T. We construct CAF, =
(A, R, claim) with

A =XUXUC
R = {(z,3)|zeXtU{l,c)|ceClectu{(cc)|ceC}

with claim(x) = claim(z) = for all x € X and claim(c) = ¢ for all c € C. An illustrative
example of the reduction is given in Figure 12. Note, that the only directed cycles contained
in CAF, are the self-attacks of the arguments in C, thus CAF, is noeven.

PI‘OpOSlthn 27. For noeven CAFs, Cred: VercA

SkeptGAE ,; s coNP-complete.

and NEgiﬁCf are NP-complete;

cl- stb of’ cl- stb ef’

Proof. Upper bounds are obtained via the case for general CAFs, c.f. Table 4. For the lower
bounds, we start with the NP-complete problems.

For a given instance of 3-SAT ¢, we construct a CAF,, as in Reduction 9. Note, that
the arguments ¢ € C are all self-attacking and thus can never be part of any conflict-free
set of arguments of the Dung AF underlying CAF,. Therefore, their claims cannot be part
of any cl-stb.s extension of CAF,. Furthermore, trivially, () cannot be a cl-stb.s extension
of CAF, either. Thus, the only candidate cl-stb s extension of CAF, is {1} and therefore,
Credg_@;cf (CAF, ) = Verg‘flsﬁcf (CAF,, {¢}) = NEgﬁﬁcf(CAFw). We will show that ¢ is
satisfiable iff Vergﬂicf (CAF,, {¢¥}).

First, assume that ¢ is satisfiable and let M be a model of ¢. Then, the set £ =
MUX \ M is conflict-free in the underlying Dung AF of CAF,, by the construction of CAF,,.
Furthermore, as all ¢ € C' are satisfied by M, there must be some [ € E such that (I,¢) € R
for all c € C. Thus, E attacks all arguments ¢ € C and therefore claim(E) Uvcoar,(E) =
{9} U{C} = claim(A), making {¢} a cl-stb.s extension of CAF,.

Now, assume that ¢ is unsatisfiable. Then, for every conflict-free set of arguments £ C
X UX in the underlying Dung AF of CAF,, there exists some ¢ € C such that (I,c) € R for
alll € E, as otherwise ENX would be a model of ¢ by construction. Therefore, ¢ ¢ voar, (E)
for some ¢ € C and thus {9} is not a cl-stb.s extension of CAF,,.

The result for the Sk:eptcl sthes problem can be proven similarly by reducing from 3-
UNSAT while using the same construction CAF, as before, but with claim(c) = v for all
¢ € C and without the self-attacks of the arguments in C. If ¢ is satisfiable, then {¢'} is a
cl-stb.s extension of CAF, by an analogous argument as before and thus, v is not skeptically
accepted in CAF, w.r.t. the cl-stb, semantics. However, if ¢ is unsatisfiable, as before, {1}
cannot be a cl-stb.s extension of CAF,, as otherwise ¢ would be satisfiable and thus, ~ is
skeptically accepted in CAF, w.r.t. the cl-stb,s semantics, as () is trivially not a cl-stbgy
extension of CAF,, and all other possible extension contain +. O

Next, we look at the semantics based on the stage and semi-stable semantics.
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Proposition 28. For noeven CAFs, for A € {CAF,wf}, C’fredgA 18 Zzp-complete and SkethA
is N5 -complete for o € {stg., cl-stg}.

Proof. We obtain upper bounds from the corresponding problems for general CAFs. Lower
bounds can be obtained via the respective results for noeven Dung AFs [15], which carry
over to CAF's by assigning every argument a unique claim. O

Next we turn to the verification problem for noeven well-formed CAFs with respect to
stage semantics. We obtain coNP-membership from well-formed CAFs (cf. Table 6). For
hardness, we show that this problem is already intractable for noeven Dung AFs.

We make use of the following reduction.

Reduction 10. Let ¢ be an instance of 3-UNSAT, with ¢ given as a set of clauses C' =
{c1,...,¢n} over atoms in X, where negated atoms are denoted by T. We construct AF, =

(A, R) with

A = XuXuCcu{y}
R = {(z,z) |z e X} U{(l,¢)|ceC/l e c}U{(c,c)|ce C}U
{(z,9),(@,y) |z € X} U{(y,¢) [c€ C}

for a fresh atom y. An illustrative example of the reduction is given in Figure 13. Note that
the only directed cycles contained in AF, are the self-attacks of the arguments in C, thus
AF, is noeven.

Proposition 29. Vergg 1s coNP-complete for noeven Dung AFs.

Proof. The upper bound can be obtained from the case for Dung AFs in general [15]. We
show the lower bound via reduction from 3-UNSAT. Let ¢ be an instance of 3-UNSAT and
AF, = (A, R) be as in Reduction 10. We show that {y} is a stage extension of AF, iff ¢ is
unsatisfiable. To increase readability, we will omit the ¢ in the subscript for the remainder
of this proof and just write AF instead of AF,,. Note that the argument y is conflicting with
every other argument, as y attacks all arguments ¢ € C and is attacked by all arguments
x,Z € X. Thus, the only candidate stage extension containing y is the one containing only
y, which has range {y} % = C U {y}.

First, assume that ¢ is satisfiable and let M be a model of ¢. Then, the set E = MUX \ M
is conflict-free in AF by the construction of AF. Furthermore, as all ¢ € C' are satisfied by
M, there must be some | € E such that (I,c) € Rfor all c€ C. Thus Ef, =M UX \ MU
CU{y} D CU{y} = {y} | and therefore {y} is not a stage extension of AF.

Now, assume that ¢ is unsatisfiable. Then, for every conflict-free set of arguments £ C
XUX,c¢d EXF for some ¢ € C, as otherwise £ N X would be a model of ¢. Therefore,
{y}hr = CU{y} is maximal (with regard to C) in AF and thus {y} is a stage extension of
AF. O

As a consequence, we obtain coNP-completeness for the respective problem for noeven
well-formed CAFs.

Proposition 30. For noeven well-formed CAFs, Verg’f is coNP-complete for o € {stg., cl-stg}.

Proof. Upper bounds are obtained from the case for CAFs in general [31]. Lower bounds
generalize from the case for Dung AFs, c.f. Proposition 29, which carry over to well-formed
CAFs by assigning every argument an unique claim. O

C.

Proposition 31. Ver¢4¥ s Zzp—complete for o € {stg, cl-stg} for noeven CAFs.

g
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Proof. We present the proof for o = stg., the proof for o = cl-stg is analogous. Upper bound
via the general case for CAFs, lower bound via a reduction from the Creds, problem for
noeven Dung AFs. The Credg, problem for noeven Dung AFs is known to be £5-c [15].
To decide the problem for an argument b in an noeven Dung AF = (A, R), construct a
CAF = (A" = AU {2}, R, claim) with a new argument x ¢ A and claim(b) = ¢; and
claim(a) = cg for all a € A"\ {b}. Then, argument b is credulously accepted in AF with
regard to the stage semantics iff {¢1,c2} is a i-stage extension of CAF. O

Proposition 32. For noeven CAFs, NE®, A € {CAF ,wf} isinP for o € {cl-naive, cl-prf,
cl-stb ggm, cl-sem, seme, cl-stg, stg.}.

Proof. In order to decide non-emptiness for o € {cl-prf, cl-stb 4, cl-sem} it suffices to check
whether there exists some unattacked argument. For cl-naive, i-naive, cl-stage, and i-stage
semantics, it suffices to check whether there is some argument a € A that does not attack
itself. O

6.1.3 Symmetric CAFs

For symmetric AFs, each conflict-free set defends itself, i.e., ¢f (F') = adm(F') for each sym-
metric AF F'. As an immediate consequence we obtain that each admissible-based semantics
coincide with their conflict-free-based counterpart.

Lemma 14. For each symmetric CAF CF, cl-prf(CF) = cl-naive( CF),
sthef (CF) = cl-5tbqam (CF), cl-sem(CF) = cl-stg(CF).

Hardness results for cl-naive semantics correspond to the results for the general case
since Reduction 1 is indeed symmetric; the reduction from the proof of Proposition 14 can
be adapted by adding the required attacks between the clause-arguments and the literal-
arguments. By the above observation we moreover obtain the respective results for cl-
preferred semantics.

Proposition 33. For symmetric CAFs, CredUA, A e {CAF,wf}, Skept?f and Verf;’f is in
P; SkeptgAF 18 I'Ig—complete; and VergAF is DP-complete for o € {cl-naive, cl-prf}.

As shown in [12], deciding credulous acceptance w.r.t. stable semantics remains NP-hard
for symmetric AFs; likewise, deciding skeptical acceptance w.r.t. stable semantics remains
coNP-hard for symmetric AFs. By assigning each argument a unique claim, we thus obtain
the respective results for cl-stable semantics. Moreover, we obtain NP-completeness of ver-
ifying cl-stable claim-sets for symmetric CAFs by appropriate adaption of Translation T'rs.
Note that for well-formed CAFs, verification is solvable in polynomial time (cf. Table 6).

Proposition 34. For symmetric CAFs, for A € {CAF,wf}, Credﬁ is NP-complete and
Sk:e]otoA is coNP-complete; moreover, VerS4¥ is NP-complete and Verg’f is in P for o €

{cl-stbey, cl-stbaam } -

Proof. To prove NP-completeness of verifying cl-stable claim-sets for symmetric CAFs, we
first observe that membership for VergAF is by the corresponding result for general CAFs.
For hardness, we provide a reduction from Verﬁch for symmetric CAFs: We adapt Trans-
lation Tro by setting Tr5(CF) = (A, R' U {(b,a) | (a,b) € R'}, claim’) for Tro( CF) =
(A", R, claim’), i.e., we make all attacks symmetric. We obtain sth.(CF) = stb.(Try(CF)) =
cl-sth (Trh(CF)) for T € {cf, adm} for any symmetric CAF CF. Thus, for an instance, i.e.,
a CAF CF and a claim-set S of VersctéF for symmetric CAFs, it suffices to check whether

Trh(CF) is cl-stable. O
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For most of the considered decision problems, both versions of semi-stable and stage
semantics for symmetric (well-formed) CAFs admit the same complexity as the respective
problems for AF's (cf. [15]; the lower bound for verification is obtained by translating standard
Dung AF's to symmetric Dung AFs in a way such that stage extensions are preserved [15,
Lemma 14]), with the notable exception of verification for general CAFs which remains as
hard as in the general case.

Proposition 35. For symmetric CAFs, for A € {CAF,wf}, C’red? is Zzp—complete; SkethA

] ﬂg—complete; VerSAT s Zg—complete and Verg’f is coNP-complete for o € {cl-sem, semg, cl-stg, stg.}.

o

Proof. For Cred?, Skept?, and Verg’f , lower bounds are by the corresponding results for AF's
[15]; upper bounds are by the respective results for general CAFs (cf. Tables 4 and 6).

To show hardness of VerS4f we reduce from Credt for symmetric AFs (I5-complete):
Given an AF F = (A, R) and an argument b € A, we assign the claims claim(b) = ¢,
claim(a) = co, a € A\{b}. It can be shown that the argument b is credulously accepted iff the

set of claims {cj, ca} is cl-semi-stable (cl-stage) in the corresponding CAF (A, R, claim). O

For o € {cl-naive, cl-prf, cl-sem, sem,, cl-stg, stg.}, to decide NE2, A € {CAF,wf}, it
suffices to check whether CF contains an argument that does not attack itself. For stable
semantics, the problem remains NP-hard already for Dung AFs.

Proposition 36. NEQ{ 1s NP-complete for symmetric AFs.

Proof. Membership is by the corresponding result for general AFs. Hardness is by the
following reduction from SAT: Given a CNF ¢ with clauses C' over atoms in X. We denote
-z by . We construct F' = (A, R) with

A =XUXuC
R = {(z,z),(z,z) |z € X} U{(,¢),(c,]) | ce C,l € c} U{(c,c) | ceC}

We show that stb(F) # 0 iff ¢ is satisfiable. First, let stb(F) # 0 and let E € stb(F).
Clearly, M = E N X is a model of ¢ since each clause is satisfied: Let ¢ € C, then there is
l € FE st | attacks c. In case [ is a positive literal [ is contained in M, in case [ is a negative
literal, we have [ is not contained in M and thus c is satisfied in both cases. For the other
direction, assume ¢ has a model M. Then £ = M U{z | z ¢ M} is a stable extension of F’
since each clause argument is attacked: As all ¢ € C' are satisfied by M, there must be some
l € E such that (I,¢) € R for all ¢ € C' by construction. O

We thus obtain the following result.
Proposition 37. For symmetric CAFs, for A € {CAF, wf}, NE2 is in P for o € {cl-naive,
cl-prf, cl-sem, sem., cl-stg, stg.} and NP-complete for o € {cl-stb.s, cl-stbaim}-
6.1.4 Symmetric irreflexive CAFs

Each symmetric irreflexive AF is coherent [32], i.e., naive(F') = prf(F) = stb(F) = sem(F) =
stg(F') for every symmetric irreflexive AF F. An immediate consequence is that the Nonemptiness-
problem becomes trivial for all considered semantics; moreover, all range-based semantics
that we consider in this paper collapse in this case.

Lemma 15. For each symmetric irreflexive CAF CF,

sth(CF) = cl-sthof(CF) = cl-stbagm (CF)
= cl-sem(CF) = sem.(CF) = cl-stg(CF) = stg.(CF).
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Proof. First observe that sth.(CF) # 0 using prf(F) = stb(F) for F being the underly-
ing AF of CF. We thus obtain cl-stb.t(CF) # 0 and cl-5thogm(CF) # (). Consequently,
cl-sthf(CF) = cl-stg(CF) and cl-stbagm(CF) = cl-sem(CF). It remains to show that
sth(CF) = cl-stbaqm (CF). Assume that there is S € cl-sth 4, (CF) that is not i-stable. Let
FE be a cl-stbqp,-realization of S. Since E is not stable in F, there is an argument a € A
that is not attacked by E. We have claim(a) € S (otherwise, S is not cl-adm-stable in
CF). By symmetry we have a does not attack F, i.e., E'U{a} is conflict-free. Moreover,
EU{a} is admissible since, in symmetric CAFs, each argument defends itself. Consequently,
we can add all arguments that are unattacked by F to obtain a i-stable realization of S,
contradiction to our initial assumption S ¢ stb.(CF). O

We thus obtain the following complexity results as an immediate consequence from
Lemma 15 and [12].

Proposition 38. For symmetric irreflexive CAFs, Cred?, A € {CAF,wf}, Skeptz.”f, and
Veerf is in P; Sk:eptgAF is coNP-complete; and VergAF is NP-complete for o € {cl-stby,

cl-stb ggm, cl-sem, seme, cl-stg, stg.}.

We note that inherited and claim-level preferred (naive) semantics do not necessarily
coincide: As a counter-example consider the CAF CF = ({a1, a2, b}, {(b,a1), (a1,b)}, claim)
with claim(a;) = a, claim(b) = b, then prf.(CF) = {{a},{a,b}} # {{a,b}} = cl-prf(CF).
The respective decision problems are as hard as in the general case, using the fact that
cl-naive(CF) = cl-prf(CF) for every symmetric CAF (cf.Lemma 14) and the observation
that the corresponding reductions for symmetric CAFs are indeed irreflexive.

Proposition 39. For symmetric irreflexive CAFs, CredUA, A € {CAF,wf}, Skept},”f and
VerS is in P; SkeptSAF is NE-complete; and VerS4F is DP-complete for o € {cl-naive, cl-prf}.

6.1.5 Bipartite CAFs

Finally, we consider bipartite CAFs. First recall that in bipartite AFs, prf(F) = stb(F) =
sem(F) = stg(F). We thus obtain the following result.

Lemma 16. For each bipartite CAF CF,
prfe(CF) = sth.(CF) = cl-sthgqm (CF) = cl-sem(CF) = sem.(CF) = stg.(CF).

Proof. Let S € cl-sthygm(CF). Let E be a cl-sthygm-realization of S. By monotonicity
of the claim-range we can assume E € prf(F). Thus S = claim(E) € sth(CF). By
cl-stb.(CF) # 0, we have cl-stb,g;,(CF) = cl-sem(CF). O

By the respective problems for Dung AFs [15] and by [12], we thus obtain the following
results for o € {cl-stbygm, cl-sem, seme, stg.}.

Proposition 40. For bipartite CAFs, for A € {CAF,wf}, foro € {cl-stbygm, cl-sem, seme, stg.},
Cred> is in P and Skept> is coNP-complete; moreover, VerSAF is NP-complete and Ver
s in P.

Observe that cl-stbf(CF) # cl-s5tbaqm(CF) (as a counter-example, consider the CAF
CF = ({a1,a2,b},{(a1,b)}, claim) with claim(a;) = a, claim(b) = b).

By Lemma 16 we obtain that sth.(CF) # 0 (using prf.(CF) = stb.(CF) and prf.(CF) # 0
for all CAFs CF'). Since each stable extension is non-empty, we obtain that each preferred
extension is non-empty. Also, bipartite CAF's do not contain self-attacking arguments. Thus,
for A € {CAF,wf}, NE is a trivial yes-instance for all considered semantics o.
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By stb.(CF) # 0, we have cl-stbo(CF) = cl-stg(CF). For well-formed CAFs, we have
sth.(CF) = cl-sthf(CF) = cl-stg(CF) and cl-prf(CF) = prf.(CF) for each well-formed
CAF CF. By known results for i-stable semantics we thus obtain the following results
for the respective reasoning problems; for cl-naive semantics, we obtain coNP-hardness for
skeptical acceptance by a reduction from monotone 3-SAT via an appropriate adaption of
the reduction from the proof of Proposition 14.

Proposition 41. For bipartite CAFs, for o € {cl-stb, cl-stg, cl-prf, cl-naive}, Credﬁ’f and
Ver is in P, and Skeptgf is coNP-complete.

Proof. coNP-hardness for skeptical acceptance of cl-naive semantics is proven analogous to
[12, Proposition 17]. O

Turning now to cl-naive and cl-preferred semantics for general bipartite CAF's, we observe
that that (1) the Reduction 1 is bipartite (this yields the hardness-results for cl-naive se-
mantics) and (2) the constructed CAF in Reduction 1 satisfies cl-naive(CF) = cl-prf(CF).
We furthermore show DP-hardness by a reduction from SAT-UNSAT.

Proposition 42. For bipartite CAFs, C’redgAF is in P, SkepthF 18 ﬂzp-complete, and
Ver@4F s DP-complete for o € {cl-prf, cl-naive}.

[

Proof. To show DP-hardness of VergAF , we present the following reduction from SAT-
UNSAT. Consider an instance (¢1, ¢2) where ¢; is a 3-CNF given by clauses C; (we enumerate
the clauses as follows: Cy = {c1,...,em}, Co = {¢m+1,.-.,¢n}) over atoms in X;. We use
the following construction for both ¢1 and @9, i.e., we construct two CAFs CFi, CF9 as
follows: Given a CNF ¢ with clauses C' = {cy,...,¢,} over atoms in X. We denote -z by
Z. Let V ={v; | v € ¢;,i <n}. We construct CF = (A, R, claim) with

A =Vucu{y}
R = {(21,2;), (@), 21) | 20,2 € V} U {(ci, ), (1) | <}

with claims claim(v;) = claim(c;) = i, claim(y) = 1. For CF, we have (1) cl-prf(CF) =
cl-naive(CF), (2) 1 is satisfiable iff {1,...,n,} is cl-preferred, and (3) 1 is unsatisfiable iff
{1,...,n} is cl-preferred. We obtain ¢; is satisfiable and 9 is unsatisfiable iff {1,... ,n, 1}
is cl-preferred in CFy U CF. O

For cl-cf-stable and cl-stage semantics, we obtain the following results.

Proposition 43. For bipartite CAFs, for o € {cl-stb, cl-stg}, CredSAT and VerSAT is
NP-complete, and SkeptgAF 18 coNP-complete.

Proof. Membership results follow from the respective problems for cl-c¢f-stable semantics for
general CAFs (cf. Table 4).

For hardness, we first observe that sth.(CF) = cl-stb.(CF) in the proof of [12, Propo-
sition 2] which yields NP-completeness of VergAF ; moreover, we can adapt the proof from
[12, Proposition 17] to show coNP-hardness for SkethCAF .

To show NP-hardness of Credac AF we present a reduction from SAT: Given a CNF © with
clauses C' = {c1, ..., ¢, } over atoms in X. We denote —x by z. Let V = {v; | v € ¢;,i < n}.
We construct CF = (A, R, claim) with

A =VUuCU{e}
R = {(zi,%;), (Zj, %) | 2,75 € VIU{(ci,0) [ i <}
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with claim(v;) = i, claim(c¢;) = i, and claim(p) = ¢. We show that ¢ is credulously
acceptable iff ¢ is satisfiable.

First assume ¢ is satisfiable. Then there is a model M that satisfies each clause ¢;. Let
E={z;eV|zeM}U{z,eV |x¢ M}U{p}. Clearly, E is conflict-free, moreover,
claim(E) = {1,...,n,p} = claim(A) thus we have found a cl-cf-stable extension containing
®.

In case @ is credulously acceptable, let S denote the cl-c¢f-stable extension and FE its
realization in the underlying AF. First, C ¢ E because ¢ is the unique argument with claim
. Thus, for each ¢; € C, there is an argument x; or Z; that is contained in E. Consider the
set M ={z € X |3j:x; € E}. It can be shown that M is indeed a model of ¢. O

This concludes our complexity analysis for graph classes. Table 8 and Table 9 summarize
our results for CAF's respectively well-formed CAFs when restricted to the considered graph
classes. Recall that the non-emptiness is trivial for acyclic, symmetric & irreflexive as well as
for bipartite CAFs. For the remaining graph classes, i.e., for noeven and symmetric CAFs,
the non-emptiness problem is tractable for all semantics except for cl-stable variants.

When comparing the different graph classes, it is not surprising that acyclic CAF's are
computationally-wise the best choice for computing standard reasoning tasks; here, all con-
sidered reasoning problems for all except naive semantics are tractable. When restricted to
well-formed CAFs, symmetric & irreflexive CAF's are even easier to handle; here, all con-
sidered problems are in P. In symmetric CAFs, on the other hand, almost all semantics
retain their full complexity, the only exception is preferred semantics for which verification
drops one level in the polynomial hierarchy (as it corresponds to verifying naive extensions in
symmetric CAFs). Noeven CAFs turn out to be beneficial for computing admissible-based
semantics — in this graph class, all admissible-based semantics are tractable. In symmetric &
irreflexive CAF's, credulous reasoning becomes tractable; also, both variants of semi-stable
and stage semantics drop one level in the polynomial hierarchy. We observe a similar behavior
for bipartite CAFs, here, credulous reasoning for cl-c¢f-semantics and cl-stage semantics re-
mains harder. Considering bipartite well-formed CAF's, skeptical reasoning for all considered
semantics is coNP-complete while credulous reasoning and verification become tractable.

6.2 Fixed-parameter tractability w.r.t. the number of claims

Here we investigate well-formed CAFs with a relatively small number of claims when com-
pared to the number of arguments. For the standard inherited semantics it has been shown
that reasoning in well-formed CAFs is fixed-parameter tractable w.r.t. the number of claims
used in the CAF [12]. That is, the complexity of reasoning mainly depends on the number
of claims rather than the total size of the CAF. In following we

(a) extend these results to inherited semi-stable and stage semantics as well as claim-based
semantics and

(b) complement existing negative results in that direction for general CAFs.

First recall that on well-formed CAFs we have that cl-prf = prf, and cl-stb = cl-5tbuqm =
stb. It thus suffices to consider cl-naive, stg., cl-stg, sem., cl-sem semantics in this section.

First, we consider the non-emptiness problem Nng . The problem is already tractable
for most of the considered semantics and it thus only remains to consider o € {sem, cl-sem}.

Proposition 44. For o € {sem, cl-sem, cl-prf}, the NEZ;’f problem can be solved in time
O(2F - poly(n)) (where poly(-) is a fived polynomial and n the size of the instance) for a
well-formed CAF = (A, R, claim) with |claim(A)| < k.
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Table 8: Complexity of CAFs with special graph structure.

graph class task sem stg.  cl-nawe cl-prf cl-stbes cl-stbggm cl-sem  cl-stg
CredS*  in P in P inP inP inP in P inP inP
acyclic SkeptgAF in P in P Nf-c inP inP in P in P in P
VerEAF in P inP DP-c inP inP inP in P in P
NE UC AR trivial for all considered semantics
CredS*™ inP ¥P-c inP inP NPc inP inP ¥
oeven SkeptS*™ inP  MNS-c  MNS-c inP coNP-c inP inP  Mb-c

VerS*  inP  ¥Hc DP< inP NPc inP inP Xbec
NECAF inP  inP inP inP NP-c in P inP inP

C’TedeF in P inP inP inP inP inP in P in P
symmetric & SkeptgAF coNP-c coNP-c M5-c M5-¢c coNP-c  coNP-¢c  coNP-c coNP-c
irreflexive Ver®4¥ NP-c  NP-c  DP-c DP-c NP-c NP-c NP-c NP

NESAF trivial for all considered semantics

CredS*” ¥P.c ¥P.c mP inP NP-c NP-c ¥fc Xbec

SkeptSF  MP-c Mb-c MB-¢c  Mb-c coNP-c coNP-¢c MB-¢c  Mb-c

WImMEe AR 5P sP.  DPe DPc NPc NPe YPe 3P
NESAT inP  inP  inP inP NP-c NPc inP inP
Cred®** inP  imP inP P NP-c inP inP NP

bipartite SkeptSAT coNP-¢ coNP-¢ MB-¢ Mb-¢ coNP-¢  coNP-c  coNP-¢ coNP-c

VerGF  NP-c  NP-c  DP-c DP-c NP-c NP-c NP-c NP

NE f AR trivial for all considered semantics
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Table 9: Complexity of well-formed CAFs with special graph structure.

graph class task sem, stg.  cl-nawe cl-prf cl-stbes cl-stboam cl-sem  cl-stg

Cred®/ P inP in P in P in P in P inP inP
Skept®” inP  inP coNP-c inP  inP in P inP inP

acyclic
Ver®  in P inP in P in P in P in P in P in P
NEf AR trivial for all considered semantics
Cred®’  inP %P in P in P in P in P inP ¥h-c
Skept®  inP  M5-c coNP-c inP  inP in P inP  Mb-c
noeven

Vergf inP coNP-c inP in P inP in P in P coNP-c
NECAY inP P imP inP inP in P inP inP

C’redjff in P inP inP inP inP in P in P in P
symmetric & Skeptg’f in P in P in P in P in P in P in P in P
irreflexive Ve inP  inP  inP inP inP imnP  inP inP

NEZGAF trivial for all considered semantics

Cred”’  ¥5-c 3P in P inP  NP-c NP-c ¥P-c  Yhc
Skept®  Nb-c  MB-c in P inP  coNP-c coNP-c  N5-c  N5-c

symmetric .
Ver® coNP-c coNP-c inP  inP  inP inP  coNP-c coNP-c
NEC4Y inP  imP P P NP¢c NP-c inP inP
Cred®’  in P inP in P in P in P inP inP in P
binartit Skept®’ coNP-¢c coNP-¢ coNP-¢  coNP-¢ coNP-¢c  coNP-¢  coNP-c¢ coNP-c
ipartite

Ver®/ in P in P in P in P in P in P in P in P

NES AR trivial for all considered semantics
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Table 10: Parameterized complexity of well-formed CAFs CAF = (A, R, claim) with respect
to k = |claim(A)| (FPT denotes the class of fixed-parameter tractable problems).

task seme stg.  cl-naive cl-prf cl-stbes cl-s5tbegm cl-sem  cl-stg
Cred*’ in FPT in FPT in P in FPT in FPT in FPT in FPT in FPT
Skept®/ in FPT in FPT in FPT in FPT in FPT in FPT in FPT in FPT
Ver®/ in FPT in FPT inP in FPT inP inP in FPT in FPT
NECAF in FPT in P inP  in FPT in FPT in FPT in FPT inP

Proof. We iterate over all sets C' C claim(A) and compute the corresponding candidates for
an admissible set £ C A with claim(E) = C. If one of these sets is indeed admissible we
return yes otherwise false. For each C this procedures is in P (cf. Lemma 7). O

We next present an enumeration algorithm for the extensions to show the upper bounds
for the credulous and skeptical reasoning tasks as well as the verification problem.

Proposition 45. For o € {cl-naive, stg., cl-stg, sem,, cl-sem}, the Cred”

Skept” and Ver™ problems can be solved in time O(4% - poly(n)) (where poly(-) is a fived
polynomial and n the size of the instance) for a well-formed CAF = (A, R, claim) with
|claim(A)| < k.

Proof. We iterate over all sets C C claim(A) and compute the corresponding maximal
conflict-free (resp. admissible) set £ C A in P (cf. Lemma 7) and filter out sets C' that do
not have a corresponding conflict-free (resp. admissible) set. We end up with at most 2k
many sets. Next, depending on the semantics o we proceed as follows:

e For cl-naive we compare the remaining sets C pairwise and filter out sets that are not
C-maximal.

e For stg. and sem. we compute the range for the extensions by adding all attacked
arguments to E. Finally, we eliminate all pairs for which the range is not C - maximal.

e For cl-stg and cl-sem we compute the claim-range for the extensions by adding all
defeated claims to C'. Finally, we eliminate all pairs for which the claim-range is not
C- maximal

In all three cases we end up with the set of extensions and can now easily decide the credulous
and skeptical acceptance of arguments as well as the validity of a given extension. O

These fixed-parameter tractability results are summarized in Table 10. We next show
that for general CAFs and o € {semg, stg.} these problems are not fixed-parameter tractable
w.r.t. number of claims but maintain their full complexity even when there are only two
claims.

Proposition 46. For o € {sem, stg.},

. CredeF, SkeptgAF, VergAF maintain their full complexity even for CAFs with only
two claims, and

° NES;‘?,S maintains its full complexity even for CAFs with only one claim.
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Proof. First consider the following translation for a given CAF = (A, R, claim) with an
arbitrary number of claims and a given claim c¢. Construct CAF’ = (A, R, claim’) with
claim/(a) = c iff claim(a) = c and claim’(a) = d otherwise. Then claim c is credulously
(resp. skeptically) accepted in C AF iff ¢ is credulously (resp. skeptically) accepted in CAF”.
We obtain that CredS4F | SkeptS4F maintain their full complexity.

The lower bound for VergCAF can be obtained similar as in the proof of Proposition 31
via a reduction from the Zg -complete Cred, problem for Dung AFs. To decide the problem
for an argument b in a Dung AF = (A, R), construct a CAF = (A" = AU {z}, R, claim)
with a new argument x € A and claim(b) = ¢1 and claim(a) = ¢z for all a € A"\ {b}. Then,
argument b is credulously accepted in AF with regard to o iff {c1,c2} is a i-0 extension of
CAF.

NEgﬁf : For a given CAF = (A, R, claim) with an arbitrary number of claims, cre-

ate CAF' = (A, R, claim’) with claim'(a) = ¢ for all @ € A. Then NESAF(CAF) =
NESAF(CAF). O

That is, for all consider inherited semantics, the problems retain their full complexity
for general CAFs with only two claims. The picture for claim-based semantics is a more
subtle. For instance consider cl-prf (respectively cl-naive) with just two claims {ci,c2}. In
order to test whether ¢; is skeptically accepted it is sufficient to test whether () and {c2} are
not cl-prf which is in DP. That is, a small number of claims can lower the complexity of
claim-based semantics. While a full investigation of this matter is beyond the scope of this
paper, we observe that claim-based semantics remain NP /coNP-hard.

Proposition 47. For CAFs with only two claims,
o VerAF s NP-hard for o € {cl-stbey, cl-stbagm, cl-prf},

° VergAF

is coNP-hard for o € {cl-stg, cl-sem}, and
o NEGAE s NP-complete o € {cl-stbey, cl-stbgm, cl-prf, cl-stg, cl-sem}.

That is, for all semantics, except cl-naive, the parametrized approach discussed here
does not lead to tractability results. Finally let us consider the case of cl-naive. VerSAr.
for CAFs with only two claims can be solved in polynomial time by considering all pairs
of arguments where the first argument has claim 1 and the second argument has claim 2
and check whether one of those pairs is conflict-free. Indeed this can be generalized to an
O(n* - poly(n)) algorithm for k claims. However, this algorithm does not fall in the class of
FPT but a class of higher complexity, i.e., the class XP which contains the parameterized

problems with runtime O(n/(k)) for some computable function f.

7 Discussion

In this work we studied the computational complexity of the different semantics for claim-
augmented argumentation frameworks. That is, we complemented existing complexity re-
sults for inherited semantics [12] and provided a full complexity analysis of claim-level seman-
tics. We want to highlight three observations here: (a) for both approaches the verification
problem is harder than in the AF setting, which is in particular relevant when it comes to
the enumeration of extensions; (b) however, when restricted to well-formed CAFs the com-
plexity of verification drops to the complexity of AFs; and (c) the complexity of inherited
and claim-level semantics differs for naive and preferred semantics.

Moreover, given the high complexity of the considered semantics we investigated tractable
fragments in terms of certain graph classes (that are known to be tractable when neglecting
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claims) as well as a parameterized algorithm for enumerating extensions in well-formed CAF's.
The full complexity classification of the semantics together with the first tractable fragments
paves the way for complexity-adequate reduction-based implementations [33, 34, 35] of the
considered semantics which is an emerging topic for future work.

Besides studying the standard reasoning tasks we also settled the complexity of the
concurrence problem, i.e., deciding whether two variants of a semantics coincide on a CAF.
The concurrence problem is in the tradition of the well-known coherence problem [23],
which (a) for AFs is N5-complete; (b) remains M5-complete for inherited semantics [12]; and
(c) also for claim-based semantics, despite the complexity increase for reasoning problems,
remains I'I2P -complete (Proposition 22). However, the complexity for the novel concurrence
problem turns out to be surprisingly hard, ranging up to the third level of the polynomial
hierarchy.

Concerning future work we identify the following directions. In this work we considered
two different families of claim-based argumentation semantics that both followed the CAF
approach of using extensions of arguments, map them to extensions of claims and then reason
about the acceptance of claims. This a common approach in structured argumentation and
there are more ways of lifting argument semantics to the claim-level, as recently discussed in
[7]. Investigating the computational properties of these approaches is a promising direction
for future research. Moreover, given the complexity of the fundamental problems for the
semantics under our considerations one can reach for more advanced computational tasks,
e.g., dealing with incomplete information on the arguments and attacks [36, 37|, the problem
of counting the number of extensions [38, 39], or enforcing the acceptance of a statement or
an extension [40, 41].
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The original CAF from Example 1.
The resulting CAF after applying Try
from Reduction 5 to the CAF from Ex-
ample 1.

The resulting CAF after applying Tro The resulting CAF after applying Trj3
from Reduction 5 to the CAF from Ex- from Reduction 5 to the CAF from Exam-
ample 1. ple 1. Note, that the two attacks between

a1 and by introduced are redundant, as
the original CAF already contained those
attacks, yet have been included in this fig-
ure.

Figure 6: The translations of Reduction 5 applied to the CAF from Example 1. Highlighted
in red are the changes with respect to the original CAF or the previous translation.

Figure 7: A CAF illustrating the reduction in the proof of Proposition 14 for the formula ¢
with clauses {{x1,z3, x4}, {Z3, T4, T2)}, {ZT1, T3, x2}}.
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Figure 8: A CAF illustrating Reduction 6 for the formula ¥ = VY3Zp(Y, Z) where ¢(Y, Z)
is given by the clauses {{y1, 21, 22}, {Z1, 22, 92) }, {U1, Z1, y2 } }-

Figure 9: Reduction 7 for the formula 3JXVYIZp(X,Y,Z) with clauses
{{Zlu xZ, y}7 {_\17, Y, 722, y}v {_‘Zla 22, y}}

Figure 10: Reduction 8 for the formula VY 3Zp(Y, Z) where ¢(Y, Z) is given by the clauses

{{z1,y1, 92}, {91,792, 22) }, {21, 71, 22} }. Since claim(a) = a for all arguments a € A\ {d,d2},
we omit all claims that coincide with the arguments name.

v o Y2y e e e ¢
Figure 11: CAF from the proof of Proposition 21 for the QBF V{yi,y2}3{z3,24} :
Uy y2, 23}, {92, 73, 24) }, {01, 2, 24} }-
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Figure 12: Reduction 9 for the formula ¢ given by
{1, w2, 23}, {71, 3, 24}, {72, 3, T4 } }

the

Figure 13: Reduction 10 for the formula ¢ given by
{{.’L’l,.’EQ,LUg},{jl,x3,$4},{j2,i’3,j4}}
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A Translations between semantics (Proof of Lemma 6)

Lemma 6. For a CAF CF = (A, R, claim),

prfe(CF) = prf.(Tri(CF)) = cl-sem(Tr(CF)),
sthe(CF) = stb(Tr2(CF)) = cl-stb(T'r2( CF)) for 7 € {adm, cf},
stg.(CF) = stg.(Tr3(CF)) = cl-stg(Trs(CF)).

The statement is proven in the following Lemmata 17, 18, and 19.
Lemma 17. For a CAF CF = (A, R, claim), prf.(CF) = prf.(Tr1(CF)) = cl-sem(T'r1(CF)).

Proof. Let Tr1(CF) = CF' = (A, R', claim’). The proof proceeds in three steps:

(i) We first show that C' € ¢f.(CF) if and only if C € cf.(CF’') and further that
prfe.(CF) = prf.(CF").
=: Let F be a cf.realization of C' in (A, R). As E C A, it cannot contain any a’. Thus,
E € ¢f ((A, R)), as all additional attacks contain at least one argument a’, which are not
contained in E and therefore C' € cf.(CF’).

«<: Let E be a cferealization of C in (A’,R'). As all arguments o’ are self-attacking,
ENA"={. Therefore, as RC R', E € ¢f((A, R)) and thus C € c¢f.(CF).

Moreover, also E € adm((A, R)) if and only if F € adm((4A',R)), as EN A" = (.
Now, as preferred extensions are subset maximal admissible sets, we further obtain that
E € prf((A,R)) if and only if E € prf((A’, R")) and thus, prf.(CF) = prf.(CF’).

(ii) Next, to show that prf.(CF’) C cl-sem(CF’), let C € prf.(CF') and E be a prf.-
realization of C in (A’, R’). Furthermore, towards a contradiction, let F' € adm((A’, R’)) and
CUvep/(E) C claim'(F)Uvep (F). As E € prf((A’, R")), there must be some a € E \ F.
Furthermore, as all arguments b’ € A’\ A are self-attacking, it must hold that a € A and thus,
by the construction of T'r1, there must be some argument a’ such that a is the only argument
attacking o’ and @' is the only argument with claim claim’(a’). Therefore, claim’(a’) €
vep (E) but claim(a’) € claim’(F) Uvep (F), contradicting that CUvep/ (E) C claim/(F) U
vep (F). Thus, such a set F' cannot exist and therefore, prf.(CF’) C cl-sem(CF").

(iii) Finally, to show that cl-sem(CF’) C prf.(CF’), let C € cl-sem(CF’) and E C A’
be a admissible set witnessing C. Towards a contradiction, let F' C prf((A’, R')) such that
E C F. Then, C Uvep(E) C claim’'(F) U vep (F). Furthermore, as E C F, there must
be some a € F'\ E and thus some o' € A" attacked by a. As, by the construction of T'ry,
a’ is the only argument with claim claim’(a’) and is only attacked by a (except for itself),
claim’(a') € claim'(F) U vep/(F) and claim’(a’) € C U vep (E) and thus C U vep (E) C
claim/(F) Uveop (F), contradicting that C' € cl-sem(CF'). Thus, such a set F' cannot exist
and therefore, cl-sem(CF") C prf.(CF’). O

Lemma 18. For a CAF CF = (A, R, claim), sth.(CF) = stb.(Tro(CF)) = cl-stb,(Tro( CF))
for T € {adm, cf}.

Proof. Let Tro(CF) = CF' = (A, R, claim’). Since stb.(CF) C cl-5tbagqm(CF) C cl-stbs (CF)
holds for any CAF CF, it suffices to show that (i) sth.(CF) C sth.(CF') and (ii) cl-stb.s(CF") C
stb.(CF).

First observe that (a) for every set of arguments E C A, E attacks the argument o’ in
Cr'iffac EU E(J;LR). Indeed, E attacks an argument o’ iff either a € E or if there is b € E
such that (b,a) € R.

(i) Let S € stb.(CF) and consider a sth-realization E C A. We show that E is stable

in CF': First notice that E is conflict-free since we introduced no attacks between existing
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arguments in CF’. Moreover, E attacks every argument a € A”\ E: Clearly, E attacks every
argument a € A\ E; moreover, E attacks every o’ € {d' | a € A} by (a) since EUE(JS4 r) = A

(ii) Let S € cl-stbor(CF'), then there is a set E € A’ such that E € ¢f((A’,R’)) and
claim(E) Uvep (E) = claim(A’). We show that E € stb((A, R)). First observe that E C A
since each argument o’ € {a’ | a € A} is self-attacking; moreover, E is conflict-free in (A, R).
We show that E attacks every argument a € A\ E: We have {c, | a € A} C vop/(E) since
claim(E) U vep (E) = claim(A’). Thus E attacks each argument o’ in CF’. We conclude
by (a) that a € EU E&ﬂ) for every argument a € A. We have shown that E € stb((4, R))

and, consequently, S € sth.(CF). O

Lemma 19. For a CAF CF = (A, R, claim),
stg.(CF) = stg.(Tr3(CF)) = cl-stg(Trs(CF)).

Proof. Let Tr3(CF) = CF' = (A’, R', claim’). The proof proceeds in three steps:

(i) First, observe that ¢f ((A4, R)) = ¢f((A’, R)) as all added arguments are self-attacking
and we only add attacks between arguments {a,b} C A if there was already one in at least
one direction or the attacked argument was self-attacking. Moreover, {0} € stg.(CF) if and
only if all arguments are self-attacking which is the case if and only if {0} € cl-stg(CF).

(i) Regarding stg.(CF) = stg.(CF'): For every maximal (with regard to C) E €
cf(A,R), ACFEU E(J;‘,,R, , as all arguments in A are either contained or, due to the fact
that F is maximal, are attacked by E. Thus, such sets E, due to the fact that all arguments
a’ are self-attacking, are the only witnessing candidates for the extensions in stg.(CF) and

stg-(CF"). Furthermore, by construction of T'rs, EUE&,R,) =AU{d €A |ac EUE(‘;,R)}

and thus F U E(tl R) will be maximal if and only if U E&, R is maximal.
(iii) Finally, stg.(CF’) = cl-stg(CF") follows by observing that the claims of all arguments
in A’ are unique. O

B Concurrence for stage semantics (Proof of Lemma 10)

Below we prove the correspondence of semi-stable and stage semantics for CAFs generated

from Reduction 7. This lemma is the main part for proving H3P -hardness for Cong‘;F .

Lemma 10. Let ¥ = 3XVY3IZp(X,Y, Z) be an instance of QSATS and let CF = (A, R, claim)
be as in Reduction 7. Then

1. cl-sem(CF) = cl-stg(CF); and
2. sem.(CF) = stg.(CF).

Proof. To prove the statements we will first show that (i) each cl-stage and each i-stage claim-
set is of the form X' U{z |z ¢ X'} UY U Z U {e} for some X' C X and for e € {¢, p}: Let
S € stg.(CF)Ucl-stg(CF), V = XUYUZ. First notice that S C X'U{z | x ¢ X'}UYUZU{e}
for some X' C X, for e € {¢,¢}: S cannot contain both a,a for a € X U {¢} since there is
no cf.-realization E containing both b, b, for b € X, nor ¢,b for b € {¢} UC. It remains to
show that X' U{Z |z ¢ X'}UY UZU{e} C S for some X' C X, for e € {¢p, ¢}.

Let S € stg.(CF) and consider a stg-realization E of S. E contains V' U{v | v ¢ V'}
for some V' C V: Assume there is v € V such that v, ¢ E and let D = (E \ {cl; |
(v,eli) € R}) U{v}. D is conflict-free since v,d, ¢ E and since cl; ¢ E for each clause
cl; with (v,cl;) € R. Moreover, each such cl; is attacked by D and thus D?} R) 2 E(G?‘\, R)
contradiction to E being stage in (A, R). Moreover, E contains either ¢ or ¢: Towards a
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contradiction, assume ¢, ¢ ¢ E and let D = E U {p}. D is conflict-free since ¢ ¢ E and
D??‘LR) > E(Gil,R)’ contradiction to E being stage in (A, R).

Let S € cl-stg(CF). We will first show that S contains either ¢ or ¢: Towards a
contradiction, assume ¢, ¢ ¢ S. As S is cl-stage, there is an cf,-realization F of S such that
claim(E)Uvcp(F) is maximal among conflict-free claim-sets. Let D = EU{@}. D is conflict-
free since ¢ ¢ E and thus claim(D) Uver(D) = claim(E) Uver(E) U {p, ¢} D claim(E) U
ver(E), contradiction to S being cl-stage. S contains X' U{z |z ¢ X'} and YU Z C S:
Assume there is € X such that x,z ¢ S. As S is cl-stage, there is an cf.-realization E of
S such that claim(E) U ver(F) is maximal among conflict-free claim-sets. In case ¢ € S,
then o € E and ¢ ¢ E, cl; ¢ E, i < n, since they are in conflict with ¢. Then D = E'U {x}
is conflict-free and properly extends E, thus claim(D) U ver(D) D claim(E) U ver(E),
contradiction to S being cl-stage. In case ¢ € E, let D = (E'\ {cl; | (z,cl;) € R}) U{z, p}.
D is conflict-free since z,d, ¢ E, cl; ¢ E for each clause cl; with (v,cl;) € R and ¢ ¢ E
by assumption ¢ € S. claim(D) = claim(E) U {z} since the only arguments which have
been removed from D are labelled with claim ¢ and D contains @; moreover, vop(E) C
vor(D) since ¢ is the only attacked argument of each c¢l; and (@, ¢) € R. Consequently,
claim(D) Uvep(D) D claim(E) U vep(E), contradiction to S being cl-stage. YU Z C S:
Assume there is v € Y U Z such that v ¢ S. As S is cl-stage, there is an cf.-realization FE
of S such that claim(E)Uvep(E) is maximal among conflict-free claim-sets and E does not
contain v, ¥ by assumption. Analogous to above, one can extend F appropriately to derive
a contradiction to .S being cl-stage.

(1) Analogous to Lemma 9, one can show that cl-stg(CF) = {X'U{z |z ¢ X'} UY U
ZU{e}| X' C X, e € {5}

(2) We will show (a) stg.(CF) C sem.(CF); and (b) sem.(CF) C stg.(CF).

To show (a), let S € stg.(CF). By (i), either ¢ € S or € S. In case ¢ € S, we have
S=X'U{z |z ¢ X'}UY UZU{p} for some X' C X, thus S € sem.(CF) by Lemma 9. In
case ¢ € S, we consider a stg-realization FE of S. E is admissible: Each a € VUV U {5}
defends itself; also, ¢ ¢ E by (i); moreover, each cl; € E is defended by E, otherwise there
is cl; € E which is not defended by E against some argument a € V UV, thus a ¢ F, that
is, there is v € V such that v,v ¢ E, contradiction to (i). Thus E is semi-stable, otherwise
there is some set D € adm((A, R)) C ¢f((4, R)) with DEBA,R) > Ea,R)’ contradiction to E
being stage in (A4, R).

To show (b), let S € sem.(CF) and consider a sem.-realization E of S. Clearly, F is
conflict-free. We show that E € stg((A, R)). Towards a contradiction, assume that there

is D € ¢f((4,R)) with Da R 2 Eé‘i ry Let a € Da R) \Ea r)- By Lemma 8, either
E(eil,R) = A\ ({dy | a € (XUXUYUY)\ E}U{ds}) (in case ¢ € E) or E(G?LLR) =

A\ ({dy | a € (XUXUY UY)\ E}U{d1,d2}) (in case ¢ € E); that is, a € {d, | a €
(XUXUYUY)\ E}U{d,da}. Also, for all v € V, either d, € EZ, ,, or dy € E¥

(A,R) (A,R)’
otherwise v,9 ¢ FE; let E' = E U {v}, then (E,)EBA,R) D ?(6?4713)’ contradiction to E being
semi-stable. In case a = dp, for some b € (X UX UY UY) \ E}, we have dy, dj € Da R)

and thus b,b € D, contradiction to D being conflict-free. Moreover, a # dy since the only
attacker d;j of dy is self-attacking. Consider the case a = dy, then ¢ € D since ¢ is the only
attacker of dy. Thus ¢l; ¢ D for all @ < n by conflict-freeness of D; we conclude that D

attacks each cl;, i < n since cl; € Ea R) for all : <n and Da R) D E(EE] R) Therefore D is

admissible and Da, R) 2 E?i" R)’ contradiction to E being semi-stable. O
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C Bounding the number of claims (Proof of Proposition 47)

Proposition 47. For CAFs with only two claims,
o VerF s NP-hard for o € {cl-stbey, cl-stbagm, cl-prf},

° VergAF

is coNP-hard for o € {cl-stg, cl-sem}, and

o NEGAE s NP-complete o € {cl-stbey, cl-stbagm, cl-prf, cl-stg, cl-sem}.

Proof. The hardness proofs for Ver¢4¥

" are by three variants of the standard reduction:
o € {cl-stbey, cl-stbagm }: Let ¢ be an instance of 3-SAT, with ¢ given as a set of clauses
C = {c1,...,c,} over atoms in X, where negated atoms are denoted by . We construct

CAF, = (A, R, claim) with

A =XUXuC
R = {(z,2),(z,z) |z e X} U{(l,e) |ce C,l e c}U{(c,c) | ce C}

with claim(z) = claim(z) = c for all z € X and claim(c;) = d for all ¢; € C. An illustrative
example of the reduction is given in Figure 14. First notice that because of the specific
use of symmetric attacks and the self attacks conflict-free sets and admissible sets coincide.
Thus, also cl-stb.s and cl-5tb 44y, coincide and it suffices to consider cl-stb s in the following.
By construction the formula ¢ is satisfiable iff there is a conflict-free set that attacks all
arguments ¢; € C iff there is a cl-stb,s extension iff {c} is a cl-stbs extension. We obtain
that Ver@4F is NP-hard.

o € {cl-prf}: Let ¢ be an instance of 3-SAT, with ¢ given as a set of clauses C' =

{c1,...,cn} over atoms in X, where negated atoms are denoted by z. We construct CAF, =
(A, R, claim) with

A = XUXUCU{y}
R = {(z,z),(z,x) |z € X} U{(l,c) | ce C,l € c} U{(c,c),(c,p) | c€ C}

with claim(z) = claim(z) = c for all x € X UC and claim(p) = d. An illustrative example
of the reduction is given in Figure 15. By construction the formula ¢ is satisfiable iff there is
a conflict-free set that attacks all arguments ¢; € C' iff there is an admissible set containing
o iff {c,d} is a cl-prf extension. We obtain that VerGAF, is NP-hard.

cl-prf
o € {cl-stg, cl-sem}: Let ¢ be an instance of 3-SAT, with ¢ given as a set of clauses
C = {c1,...,¢c,} over atoms in X, where negated atoms are denoted by . We construct

CAF, = (A, R, claim) with

A = XUXUuCuU{y,z}
R = {(z,z),(z,z) |z € X} U{(l,¢) |ce C,l € c}U{(c,c) | ceC} U
{(z,y), (z,9), (y,2), (y,2) | x € X} U{(z,2)}

with claim(z) = claim(z) = c for all z € X U {z}, claim(¢;) = d for all ¢; € C and
claim(y) = d. An illustrative example of the reduction is given in Figure 16. First notice
that because of the specific use of symmetric attacks and the self attacks conflict-free sets
and admissible sets coincide. Thus, also cl-stg and cl-sem coincide and it suffices to consider
cl-stg in the following. By construction the formula ¢ is satisfiable iff there is a conflict-free
set that attacks all arguments ¢; € C' iff there is a cl-stage extension with range {c,d} iff {d}
is not a cl-stage extension. We obtain that VerS4" is NP-hard.
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Figure 14: Construction from the proof of Proposition 47 for the formula ¢ given by the
clauses {{z1, 22, x3},{Z1, 3, 24}, {T2, T3, T4} }

Figure 15: Construction from the proof of Proposition 47 for the formula ¢ given by the
clauses {{z1, 22, 23}, {T1, 3, 24}, {T2, T3, Ta}}

Now consider the non-empty problems NEgAF . First, for the NP-hardness with o €
{cl-5tbef, cl-5thaam } consider the first reduction of this proof. By construction {c} is the
only candidate for being an extension and we already know that {c} is an extension iff ¢
is satisfiable. Thus we obtain that there is a non-empty extension iff ¢ is satisfiable which
shows NP-hardness.

For o € {cl-prf, cl-stg, cl-sem} we reuse the following construction from the proof of Proposi-
tion 46: For a given CAF = (A, R, claim) with an arbitrary number of claims, create CAF’ =
(A, R, claim') with claim/(a) = ¢ for all a € A. Then NESAF(CAF) = NESAF (CAF'). O
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Figure 16: Construction from the proof of Proposition 47 for the formula ¢ given by the
clauses {{z1, 22, x5}, {T1, 3, 24}, {T2, T3, Ta}}
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