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Abstract. In this paper, we consider SETAFs due to Nielsen and Parsons, an extension of
Dung’s abstract argumentation frameworks that allow for collective attacks. We first pro-
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stable, complete, admissible and preferred semantics. Our analysis shows that SETAFs are
strictly more expressive than Dung AFs. Towards a uniform characterization of SETAFs
and Dung AFs we provide general results on expressiveness which take the maximum de-
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only allow for collective attacks of at most k& arguments.
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1 Introduction

Abstract argumentation frameworks (AFs) as introduced by Dung in his seminal paper [2] are a
core formalism in formal argumentation and have been extensively studied in the literature. A
popular line of research investigates extensions of Dung AFs that allow for a richer syntax (see,
e.g. [1]). In this work we consider SETAFs as introduced by Nielsen and Parsons [5] which gen-
eralize the binary attacks in Dung AFs to collective attacks such that a set of arguments B attacks
another argument a but no subset of B attacks a. The semantics as proposed in [S], make SETAFs
a conservative generalization of Dung AFs in the sense that a SETAF that has only simple attacks
is evaluated the same way as the corresponding Dung AF.

As illustrated in [3], there are several scenarios where arguments interact and can constitute
an attack on another argument only if these arguments are jointly taken into account. Represent-
ing such a situation in Dung AFs often require additional artificial arguments that “encodes” the
conjunction of arguments. This is also observed in a recent comprehensive investigation on trans-
lations between different abstract argumentation formalisms [6]]. There, it is shown that SETAFs
allow for more straightforward and compact encodings of support between arguments than AFs
do. However, to the best of our knowledge, there has not been a thorough investigation to which
extent the concept of collective attacks increases the expressiveness of SETAFs compared to Dung
AFs.

Characterizations and comparisons of the expressiveness of argumentation formalisms (and
non-monotonic formalisms in general) have been identified as a fundamental basis in order to
understand the different capabilities of formalisms [3, 8, 9]. A successful notion to compare the
expressiveness of argumentation formalisms is the notion of the signature [3]] of a formalisms
w.r.t. a semantics, that is the collection of all sets of extensions that can be expressed with at least
one argumentation framework. There exist exact characterizations for most of the semantics for
Dung AFs [3] and Abstract Dialectical Frameworks (ADFs) [/, 18, 9]. As already observed by
Polberg [6] collective attacks allow to enforce certain sets of extensions that cannot be obtained
with Dung AFs. However, there are no characterizations of the signatures for SETAFs and thus
the precise differences in expressiveness to Dung AFs and ADFs are still unclear. In this work
we investigate the signatures of SETAFs for conflict-free, naive, stable, complete, admissible and
preferred semantics. Moreover, we investigate whether the maximum degree of joint attacks affects
the expressiveness of SETAFs.

Contributions. The main contributions of our work are as follows.

e In Section [3| we provide full characterizations of the extension-based signatures of SETAFs
for conflict-free, naive, stable, complete, admissible and preferred semantics. By that we
characterize the exact difference in expressiveness between Dung AFs and SETAFs when
considering extension-based semantics.

e In Sectiond we study k-SETAF where attacks are restricted to at most k arguments attacking
another argument. Our characterizations of signatures for £-SETAFs for conflict-free, naive,
stable, admissible and preferred semantics show that the degree of the allowed attacks is
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crucial for the expressiveness. That is, k-SETAFs form a strict hierarchy of expressiveness
when considering different values for k.

Some of the technical proofs are omitted in the maint part of the paper but are provided in the
corresponding appendices.

2 Preliminaries

We first introduce formal definitions of argumentation frameworks following 2, 5] and then recall
the relevant work on signatures.

2.1 Argumentation Frameworks with collective attacks
Throughout the paper, we assume a countably infinite domain 2l of possible arguments.

Definition 1. A SETAF is a pair F' = (A, R) where A C 2l is finite, and R C (24 @) x A is the
attack relation. A k-SETAF is a SETAF where for all (S, a) € R we have |S| < k. The collection
of all SETAFs (k-SETAFs) over 2l is given as AFy (AF’Q’“[).

We will call 1-SETAF, i.e. SETAFs that only allow for binary attacks, Dung argumentation
frameworks (AFs) as they are equivalent to the AFs introduced in [2]. We write S — g b if there is
aset S’ C S with (S’,b) € R. Moreover, we write S’ —x S if S’ — b for some b € S. We drop
subscript R in — g if there is no ambiguity.

Definition 2. Given a SETAF F' = (A, R), an argument a € A is defended (in F) by aset S C A
if for each B C A, such that B —j a, also S +— g B. A set T of arguments is defended (in F') by
S if each a € T is defended by S (in F)).

Next, we introduce the semantics we study in this work. These are the naive, stable, preferred,
complete, and grounded semantics, which we will abbreviate by naive, stb, pref, com, and grd,
respectively. For a given semantics o, o(F) denotes the set of extensions of /" under o.

Definition 3. Given a SETAF F' = (A, R), aset S C A is conflict-free (in F), if S’ U{a} £ S
for each (5’,a) € R. We denote the set of all conflict-free sets in F" as ¢cf(F). S € ¢f(F) is called
admissible (in F) if S defends itself. We denote the set of admissible sets in F' as adm(F'). For a
conflict-free set S € c¢f(F'), we say that

e S € naive(F),if thereisno T € ¢f(F) withT D S,

S e sth(F),if S— aforalla e A\ S,

S € pref(F), if S € adm(F) and there isno T' € adm(F) s.t. T D S,

S € com(F),if S € adm(F) and a € S for all a € A defended by S,

S € grd(F), lfS — ﬂTGcom(F) T.



As shown in [3], most of the fundamental properties of Dung AFs extend to SETAFs. We
have the same relations between the semantics, i.e. stb(F') C pref(F') C com(F) C adm(F) C
¢f(F) and the grounded extension is the unique minimal complete extension for any SETAF F.
Moreover, Dung’s fundamental lemma generalizes to SETAF.

Lemma 1 ([5]). Given a SETAF F' = (A, R), a set B C A, and arguments a,b € A that are
defended by B. Then (a) B U {a} is admissible in F and (b) B U {a} defends b in F.

The following result is in the spirit of Dung’s fundamental lemma and is used later.

Lemma 2. Given a SETAF F' = (A, R) and two sets S, T C A. If both S and T defend itselfin F,
then S U T defends itself in F.

Proof. Towards a contradiction assume that S U 7" does not defend itself, i.e. there exists a set
B C A with B+ (SUT) such that (SUT) v/ B. Consider B — S. Since (SUT) +» B also
S v B and thus S does not defend itself in F* which is a contradiction to the assumption. The
case where B — T behaves symmetrically. [

2.2 Signatures

The concept of signatures of argumentation semantics was introduced in [3] to characterize the
expressiveness of Dung AFs and has been extended to other argumentation frameworks [8, [9].
Signatures characterize all possible sets of extensions, argumentation frameworks can provide for
a given semantics.

Definition 4. The signature ¥* of a semantics o is defined as
>t ={o(F)| F € AFy} .
For unrestricted SETAFs we use X°° = {o(F) | F' € AFy}.
For characterizing the signatures we make frequent use of the following concepts.

Definition 5. Given S C 2%, we use

(a) Argsg to denote (Jg.g S;

(b) dcl(S) to denote the downward-closure {S" C S | S € S} of S; and

(c) PAtts to denote the set of potential conflicts {S C Argsg | S & dcl(S)} in S.

We call S C 2% an extension-set (over ) if Argsg is finite. The completion-sets Cs(E) of E C
Argsg are given by Cs(E) = {S €S| EC S, 35" €S, EC S C S}.

As only extension-sets can appear in the signature of a semantics we will tacitly assume that
all sets S in our characterizations are extension-sets.
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Definition 6. Let S C 2%, We call S
e downward-closed if S = dcl(S);

e incomparable if all elements S € S are pairwise incomparable, i.e. for each S, 5" € S,
S C S implies S = 5;

e right if for all S € S and a € Argsg it holds that if S U {a} ¢ S then there exists an s € S
such that {a, s} € PAtts;

e conflict-sensitive if for each A, B € S such that AU B ¢ S it holds that Ja,b € AU B :
{a,b} € PAts;

o com-closed if for each T C S: if {a,b} ¢ PAtts for each a,b € Argsy, then Argsy has a
unique completion-set in S , i.e. |Cs(Argsy)| = 1.

The main results for Dung AFs are summarized in the following theorem.

Theorem 1 ([3]). Characterizations of the signatures for Dung AFs are as follows:

Sy ={S # 0| S is downward-closed and tight}
Y. ={S # 0| S is incomparable and dcl(S) is tight}

naive

i, = {S | S is incomparable and tight}

Ytim = {S # 0 | S is conflict-sensitive and contains ()}
E;ref = {S # 0 | S is incomparable and conflict-sensitive }

Nt CAS # 0| S is com-closed and ﬂS €S}

com

3 Signatures of SETAFs with unrestricted collective attacks

In this section we give full characterizations of the SETAF signatures for the semantics under
consideration. We start with the signatures of stable and preferred semantics. For both semantics
we have that an extension cannot be a subset of another extension and thus the extension-sets of
these semantics are incomparable. With the following construction we show that, in turn, each
incomparable extension-set S can be realized under stable and preferred semantics.

Definition 7. Given an incomparable extension-set S containing at least one non-empty set we
define the SETAF F3* = (Argsg, RS?) with R¥> = {(S,a) | S € S,a € Argsg\ S}.

Theorem 2. We have ¥ = {S | S is incomparable} and ¥, . = %55 \ {0}.

Proof Sketch (for stable). First, as stb(F') C pref(F') and the latter is incomparable by definition
we have that also stb(F') is incomparable for any SETAF F'.

For S = () we can just consider the SETAF F = ({a}, {({a},a)}) with stb(Fy) = 0. For
S = {0} we can just consider the empty SETAF Fyg, = ({},{}) with stb(Fyp,) = {0}. Given an
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incomparable set S containing at least one non-empty set we, show that stb(F"*) = S. stb(FE"®) D
S: Consider S € S. For each a € Argsg \ S we have S — a by construction. Moreover, as
S is incomparable the set S is conflict-free and thus S € stb(FS®). stb(F®) C S: Consider
S C Argss, S ¢ S. First, if there is an F' € S such that £/ C S then for each argumenta € S\ £
we have & — ¢ in Fs"”’ and thus S attacks itself. Hence, such an S is not stable. Alternatively, if
there is no £/ € S such that £ C S then (a) S does not attack any argument and (b) there is an

argument a € F that is not contained in .S. Hence, S is not stable in FSS”’ ) O

By the above characterizations we can see that SETAFs are strictly more expressible than AFs
for preferred and stable semantics. While for AFs we require the extension-set S to be tight in
order to be realizable under stb and conflict-sensitive to be realizable under pref, we can realize
any extension-set S that is just incomparable with SETAFs. We borrow an example from [6} [8] to
illustrate this difference in expressiveness.

Example 1. Consider the extension-set S = {{a, b}, {b,c},{a,c}}. As S is neither tight nor
conflict-sensitive there is no AF F' with stb(F') = S or pref(F') = S [3]. Now consider the SETAF
G = ({a,b,c}, (({a,b},¢), {a,c},b), ({b,c},a)). It is easy to verify that stb(G) = pref(G) = S.
O

Remark 1. Interestingly X7 coincides with the stable signature for bipolar abstract dialectical
frameworks (BADF) [8, Thm. 22]. That is, although BADFs allow for strictly more notions of
attacks and even allows for support it does not provide more expressiveness than SETAFs when
using stable semantics. It is worth to mention that when realizing an extension-set with the con-
struction of [[8, Thm. 22] one obtains a BADF whose acceptance conditions are all anti-monotonic,
i.e., when the condition holds for a model S C A then it holds for each model S’ C S as well, and
one can show that such an BADF can always be transformed into an equivalent SETAF.

‘We next consider conflict-free and naive semantics. The characteristics of conflict-free sets is
that each subset is again conflict-free. We will show that this property of being downward-closed
1s also sufficient to realize an extension-set with a SETAF.

Definition 8. Given a non-empty extension-set S we define the SETAF Fgf = (Argsg, Réf ) with
R ={(S,a) | SE€S, a € Argss, SU {a} € PAtts}.

Lemma 3. For each extension-set S we have cf(FY) = dcl(S).

With the above result we obtain characterizations for the signatures of c¢f and naive.
Theorem 3. We have

o Y% = {S # 0 | S is downward-closed} and

o XY™

naive

= {S # 0 | S is incomparable}.

In contrast, for realization with AFs and c¢f we require S to be tight and downward-closed and
for naive we require that S is incomparable and that dcl(S) is tight.
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Example 2. Consider the extension-set S = {0}, {a}, {b}, {c}, {a,b},{b,c},{a,c}}. AsSis not
tight there is no AF F' with ¢f(F') = S. Now consider the SETAF G = ({a,b, c}, (({a,b}, ),
({a,c},b), ({b,c}, a)). Itis easy to verify that ¢f(G) = S. O

In order the characterize the signature of admissible semantics in SETAFs we first generalize
the notion of an extension-set being conflict-sensitive to SETAFs. That is, instead of requiring that
if two sets A, B in the extension-set S whose union A U B does not appear in S allow for a binary
conflict, we now only require that they allow for conflicts (A, b), (B,a) witha € A,b € B.

Definition 9. A setS C 2% is called set-conflict-sensitive if for each A, B € S such that AU B ¢S
it holds that 3b € B : AU {b} € PAtts. Furthermore, S is said to be union-closed if ) € S and
each pair A, B € S satisfies AU B € S. Let us also denote by ucl(S) the C-minimal union-closed
extension-set such that S C ucl(S).

By Lemma [2| we have that all extension-sets realizable with the admissible semantics are set-
conflict-sensitive.

Lemma 4. For any SETAF F, adm(F) is set-conflict-sensitive and contains ().

Furthermore, it turns out that S being set-conflict-sensitive (and containing the empty set) is
also sufficient for being realizable in SETAFs under admissible semantics. The following two
propositions give us some hint how to prove this claim: we reuse the conflict-free framework of
Definition |8/ and combine it with a framework that realizes the union-closure of the extension-set.

Proposition 1. Let S be a set-conflict-sensitive extension-set that contains ). Then, we have that
S = dcl(S) Nucl(S).

Proposition 2. Let [} = (A1, Ry) and I, = (Aa, Ry) be two argumentation frameworks and let
S C (A1NAy) be a set of arguments. Then, (1) S is conflict-free w.r.t. F{UFy, = (A1UAs, R{URy)
iff S is conflict-free w.r.t. both F\ and F,; and (2) if S is admissible w.r.t. both F| and F>, then S
is admissible w.rt. F1 U Fy = (A1 U Ay, Ry U Ry).

The next two lemmas analyze the SETAF F¥ w.r.t. admissible semantics.

Lemma 5. Let S be a set-conflict-sensitive extension-set that contains () and S C Argsg be some
set of arguments such that S =|JT for some subset T C S. Then, we have that S € cf(FS‘f)
implies S € S.

Lemma 6. Let S be a set-conflict-sensitive extension-set that contains (). Then, we have that
S C del(S) C adm(F¥).

Finally, we expand Fgf by additional arguments and attacks that ensure that only sets S € S are
admissible in the resulting SETAF F¢¥". In particular, for each argument a we add an argument z,,
that attacks @ and itself, and is only attacked by sets S € S.

Definition 10. Given an extension S set we define [ = (A% R4!) with A%’ = Argsg U {x, |
a € Argsg} and RY = {({z.},a) | a € Argss} U{({z.},z,) | a € Argss} U{(S,{z.}) | S €
Sand a € S}. We then define F¢d" = (A% Rwmy = (F U Feh),
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With the following lemma we show that F¥/ can realize ucl(S).

Lemma 7. For every extension-set S that is set-conflict-sensitive and contains (), we have that
ucl(S) C adm(F4).

Next we combine the results for the SETAFs FSCf , F¥! to obtain that their union F¢" realizes
admissible extension-sets S.

Lemma 8. For every extension-set S that is set-conflict-sensitive and contains (), we have that
adm(F§m) = S.

Proof. From Proposition |1} we have that S = dcl(S) Nucl(S). Then, from Lemmas|[6|and [7} we get
that S C adm(Fg )Nadm(F4"). Furthermore, from Proposition this implies that S C adm(Fgm).

Let us show that adm(F“) C S also holds. Pick any A € adm(F“"™). Then, for every argument
a € A (there is an attack ({z,},a) € R*™ and, so) there must be an attack (7, {z,}) € R*" with
T, C A. Furthermore, by construction, we also have that 7, € Sanda € T,. Let T = {7, C A |
a € A} CSand C = |JT. Then, we have that that C' = A and, from Lemma and the fact that
A € adm(Fg™) C cf(F&m) C cf(FY), it follows that, A € S. O

o

Now we can give an exact characterization of >.25 .

Theorem 4. >.°S

o ={S # 0| S is set-conflict-sensitive and contains (}.

AFs require that an extension-set S is conflict-sensitive in order to be realizable under ad-
missible semantics. Being set-conflict-sensitive is a strictly weaker condition as illustrated in the
following example.

Example 3. Consider the extension-set S = {0, {a, b}, {b, ¢}, {a,c}}. As{a,b,c} & Sbut{a,b},
{b,c}, € Sandboth {a, c} & PAtts and {b, c} & PAtts the set S is not conflict-sensitive. Thus, there
is no AF F' with adm(F') = S. Now consider the SETAF G = ({a,b,c}, (({a,b},¢), {a,c},b),
({b,c},a)). It is easy to verify that adm(G) = S. O

Note also that the converse of Proposition 1| does not hold and that satisfying S = dcl(S) N
ucl(S) is a necessary, but not a sufficient condition. The following example illustrates this fact.

Example 4. Consider the extension-set S = {(), {a}, {a,b},{b,c},{a,c}}. Then, we have that
dcl(S) =S U {{b},{c}} and ucl(S) = SU {{a, b, c}}. It is easy to see that S = dcl(S) N ucl(S),
but that S is not set-conflict-sensitive: pick A = {a} and B = {b, c¢}. Hence, S does not belong to
the signature of the admissible semantics. O

Finally, we consider the signature of complete semantics. First, recall that the completion-sets
Cs(F) of a set E C Argsg are the C-minimal sets S € S with £ C S. Next we introduce the
notion of an extension-set to be set-com-closed which generalizes the concept of being com-closed
and allows for an exact characterization of the signature of complete semantics. The intuition is
that if we pick some elements from S then either the union of these sets has a unique completion
or we can draw an attack within this set.



Definition 11. A set S C 24 is called set-com-closed iff for each T,U C S with T = UT,
U = U the following holds: If 7, U € dcl(S) and |Cs(7"U U)| # 1 then there is an argument
u € U suchthat T U {u} € PAtts.

Intuitively the set of complete extensions is set-com-closed because whenever the union of
some complete extension has no conflict, by Lemma [2] then this union is admissible and there
is a unique minimal complete extensions containing this admissible set. Moreover, the grounded
extensions is the intersection of all complete extensions and complete as well.

Lemma 9. For every SETAF F we have that (a) the extension-set com(F’) is set-comp-closed and
(b) (" com(F) € com(F).

Our realization for complete semantics is based on the construction for the admissible seman-
tics given in Definition [I0| First, given an extension-set S, by reduced(S) = {S\(S | S € S},
we denote a reduced extension-set whose corresponding ground extension is empty. Let S’ =
reduced(S). We then realize S* = dcl(S') Nucl(S') = {UT | T CS,UT € dcl(S') } and add
further attacks such that each set £ € S* defends all arguments of the unique set in Cg(F). In the
following we use Cs(F) to denote the unique element of Cs(F) iff |Cs(E)| = 1 and the empty set
otherwise.

Definition 12. Given an extension-set S, let S’ = reduced(S) and S* = dcl(S’) Nucl(S’). Then, by
F§om = (A%m_ Reom) we denote a SETAF with R = R4 U R and where R’ = {(AU B, z,) |
A, BeS\{0},aeCsy(AUB)}.

One can show that this construction realizes extension-sets with complete semantics whenever
possible.

Lemma 10. For every extension-set S that is set-comp-closed and satisfies (S € S, we have that
com(F§™") =S.

This now gives a complete characterization of the signature for complete semantics.

Theorem 5. X2 = {S # 0 | S is set-comp-closed and (S € S}.
Notice that when considering AFs not all extension-sets that are com-closed and satisfy (S €
S are realizable with the complete semantics and a full characterization of complete semantics is

an open problem [3]]. This is in contrast to the above result which provides a full characterizations
for SETAFs.

Example 5. Consider the extension-set S = {0, {a}, {0}, {c}, {a, b, c},{a,d, e}, {b,d, f}, {z,c},
{z,d}} which cannot be realized with AFs [3, Example 8]. It is easy to verify that S set-comp-
closed and thus com(F§") = S. O



4 Signatures of SETAFs with Bounded Degree Collective At-
tacks

We now investigate how the degree of collective attacks affects the expressiveness, i.e. we study
k-SETAFs. Notice that in all the constructions of the last section we used attacks of unbounded
degree, i.e. the actual degree typically depended on the size of the extensions.

We first generalize the properties used in our signatures by adding a parameter k.

Definition 13. The possible conflicts in a k-SETAF w.r.t. an extension-set S are defined as PA#tf =
{S CArgss| |S| <k+1andS & dcl(S)}. An extension-set S C 2% is k-tight if for all S € S and
a € Argsg it holds that if S U {a} ¢ S then there exists a set S’ C S, such that S’ U {a} € PAtt:.

For k = 1 the notion of k-tight corresponds to the notion of tight on Dung AFs (see Defini-
tion[6) while for k£ > Argsg the notion of k-tight simplifies to: for all S € S and a € Argsg either
SU{a} € Sorthereisno S" € S with S U {a} C S’. Thus, S being co-tight is implied by both S
being incomparable or S being downward-closed.

We start with presenting our results for the signatures for conflict-free and naive semantics.
We already know that conflict-free extension-sets must be downward-closed. In k-SETAFs we
additionally have that they must be k-tight which reflects that if S U {a} is not conflict-free there
must be an attack in the set of degree at most k. The following construction allows us to also
realize such extension-sets.

Definition 14. For downward-closed and k-tight extension-sets S, let F<"* = (Argsg, RY") be the
k-SETAF with RY" = {(S,a) | S C Argsg,a € Argss, S U {a} € PAHt}.

One can show that (a) for each S that is downward-closed and k-tight we have that cf(FSCf’k) =

S and (b) for each S that is incomparable and whose downward-closure is k-tight we have that
naive( F{™F) = S.

Theorem 6. We have that

o X5 = {S#0|Sis downward-closed and k-tight} and

e Yk

naive

= {S # 0 | S is incomparable and dcl(S) is k-tight}.

The following example shows that the expressiveness of conflict-free and naive semantics
strictly increases with the degree £ of the attacks.

Example 6. Consider the argument set A = {ay, as, ..., ary1,ax12} and the extension-sets S =
{SCA||S|<k+1}andT ={S C A| |S| =k -+ 1}. We have that S is not k-tight, as A &€ S,
but for S = {ay, as, ..., a1} we have thatevery S C {aq, aq, ..., ar, 1} satisfies S'U{ag.2} €S
and thus 5" U {ax,2} & PAt. Note that S U {ay.o} ¢ PA#f because |SU {a;;2}| > k+ 1. Hence,
S cannot be realized as conflict-free sets of any k-SETAF. However, one can easily verify that S is
(k 4 1)-tight and thus can be realized as conflict-free sets of some (k + 1)-SETAF. Moreover, as
dcl(T) = S we have that dcl(T) is not k-tight, i.e. T cannot be realized as naive sets of a k-SETAF,
and dcl(T) is (k 4 1)-tight, i.e. T can be realized as naive sets of a (k + 1)-SETAF. O
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Next we consider the stable signature for £-SETAFs. Again, the set of stable extensions of a
k-SETAF must be k-tight reflecting the fact that each argument which is not in an extension .S must
be attacked by S via a degree k attack. The following construction expands Fg’k by arguments z

that eliminate unwanted naive extensions of Fg’ .

Definition 15. When given an extension-set S that is incomparable and k-tight we can construct
the k-SETAF F = (A, R) based on F" as follows:

A= ArgssU{zs| S ¢Sand S € naive(F§")}
R = RI"U{({a},zs), ({zs}, xs) | a € Argsg \ S}

One can show that for each S that is incomparable and k-tight we have that stb(Fg’b’k) = S by
building on Theorem [6]and using similar arguments as in [3} Prop. 7].

Theorem 7. %, = {S | S is incomparable and k-tight}.

The above theorem gives a strict hierarchy of signatures ¥.*, which is illustrated in the follow-
ing example.

Example 7. Consider the argument set A = {ay,as,...,ar11,ar 12} and the extension-set T =
{S C A| |S| =k+ 1} as in Example[f] Recall that T was not realizable by the naive semantics
because dcl(T) was not k-tight. It results that T is itself not k-tight either. Note that A ¢ T, but
for {ai,as,...,ars1} € S we have that any S C {ay,as, ..., ar1} satisfies S U {ag o} € dcl(T)
and thus S U {ax,2} & PArtf. Hence, T cannot be realized as stable extensions of a k-SETAF.
However, one can easily verify that T is (k + 1)-tight and thus can be realized as stable extensions
ofa (k + 1)-SETAF. O

Note that, for incomparable S, whenever dcl(S) is k-tight, also S is k-tight. Hence, for k-
SETAFs, the stable semantics is more expressible than the naive semantics. We next show that
stable semantics is indeed strictly more expressive than naive semantics.

Example 8. Consider the sets of arguments X = {z1,... 2,11}, Y = {v1,...yrs1} additional
arguments a, b and the extension-set S = {X U{a}} U{{b,y;} UX \{z;} |1 <j <k+1}. The
set S is k-tight as {a, b}, {a, v}, {yi»y;}, {xi, vi} € PA#E. On the other hand, dcl(S) is not k-tight
as for the set X € dcl(S) there is no X’ C X such that | X’| < k and X' U {b} € PA#E. That is, the
extension-set S can be realized with a k-SETAF under stable semantics but not with a k-SETAF
under the naive semantics. O

Finally, we consider the signatures of the admissible and preferred semantics for k-SETAFs. It
turns out that a simple generalization of set-conflict-sensitive is not sufficient to characterize admis-
sible extension-sets. We thus introduce the more involved notion of k-defensive, which simplifies
to set-conflict-sensitive for £k = oo and to conflict-sensitive for £ = 1.

Definition 16. A set S C 2% is called k-defensive if there exists a set P of pairs (A%, b) with
AL C S cSandb € Argsg \ S and AL U {b} € PA%, such that (i) for S, S’ € Swith SU S’ ¢ S
there is a pair (A%, b) € P with b € S, and (ii) for each (A%,b) € P with b € S’ there is
(AL, a) € Pwitha € AL,
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Whenever the union of two admissible sets is not admissible then there (i) must be an attack
of degree < k in this union and (ii) each admissible set must defend itself against all attacks we
introduce to establish (i), again using only attacks of degree < k.

Lemma 11. For any SETAF F we have that adm(F) is k-defensive and contains ().

Remark 2. For £ = 1, we can make all the elements of P symmetric and thus the second condition
of the above definition holds trivially true. That is, the notion of 1-defensive reduces to being
conflict-sensitive, cf. Definition @ For unbounded k, each set (A%, b) can be replaced by (.5, b)
without violating either of the two conditions in the above definition. Condition (1) then simplifies
to for 5,5 € Swith SUS’ & Sthereisab € S” with (S, b). Then condition (ii) is trivially satisfied
and set-defensive reduces to being set-conflict-sensitive.

Similarly as done in Section [3|for SETAFs of unbounded attack degree, we build the £-SETAF
for the admissible semantics with several modules, starting with the module that exploits conflict-
freeness.

Definition 17. When given a k-defensive extension-set S and a set P that meets the conditions of
Definition|16| we define the k-SETAF F{/5 = (Argsg, P).

We are now able to obtain similar results for this module as for the corresponding module in
general SETAFs.

Lemma 12. Let S be a k-defensive signature that contains (), P be some set that meets the condi-
tions of Definition|16land S C Argss be some set of arguments such that S = | J T for some subset
T C S. Then, we have that S € cf(FS‘ﬁf) implies S € S.

Lemma 13. Ler S be a k-defensive signature with ) € S. Then, S C dcl(S) C adm(FSC*’f}f).
Towards our defense module we recall the notion of defense-formulas from [3]].

Definition 18 ([3]). Given an extension-set S, the defense-formula D5 of an argument a € Argsg

in S is defined as \/ gcg 5 ues /\ses\{a} s.
D? given as (a logically equivalent) CNF is called CNF-defense-formula CDE of ain S.

The defense formula D tells us which arguments must be in the extension in order to defend
the argument a. We can exploit this by using the following technical lemma.

Lemma 14 ([3]). Given an extension-set S and an argument a € Argss, then for each S C Argsg
witha € S: (S \ {a}) is a model of DS (resp. CDS) iff there exists an S’ C S with a € S’ such that
S"eS.

For our defense module we adjust the corresponding parts from the canonical defense-argu-
mentation-framework in [3] to our setting with k-SETAFs.

12



Definition 19. Given an extension-set S, we call F5¥ = (A2, R%) with

Ay =Argss U | {ow | v € €D}

a€Argsg

Ry = | J {({t}, awr), {aw } aar), ([ },0) | 7 € CDZ,0 € 7}

a€Argsg

the defense-argumentation-framework of S, and let Fgf;,"’k = FS‘f;f U Ed.

We next show that this defense framework ensures that only sets in S or the union of such sets
are admissible.

Lemma 15. For every extension-set S that contains (), we have that S € adm(FSdef )iff S =UT
for some T C S.

When combining the two modules to a SETAF ngﬁ"’k by the Lemmas and Lemma
we get a SETAF that realizes admissible extension-sets.

Lemma 16. For every extension-set S that is k-defensive and contains ), adm(F{p') = S.
We now can state the exact characterization of the admissible signature in k-SETAFs.

Theorem 8. We have that

o XF ={S#0|Sis k-defensive and contains 0} and
. Z’;ref = {S # 0 | S is incomparable and k-defensive}.

Notice that we omitted complete semantics for £-SETAFs. This is due to the fact that find-
ing an exact characterization is a hard problem (open even for Dung AFs) and our under-/over-
approximations are rather tedious.

5 Discussion and Related Work

Discussion of our Results. In this work we characterized the signatures of SETAFs and SETAFs
with bounded degree attacks. Our results on signatures of general SETAFs are summarized in the
following theorem which is by Theorems [245]

Theorem 9. Characterizations of the signatures for general SETAF's are as follows:

Yot =S # 0 | Sis downward-closed}
Yrove = {S # 0| S is incomparable}
Y20 = {S | S is incomparable}
Y00, = {S # 0 | S is set-conflict-sensitive and contains ()}
Yoo . ={S # 0| S is incomparable}

pref —

Yoo, =A{S # 0 | Sis set com-closed and ﬂS € S}
13



Our results on signatures of k-SETAFs are summarized in the following theorem which is
by Theorems [6HS]

Theorem 10. Characterizations of the signatures for k-SETAF's are as follows:

Sk = {S # 0 | S is downward-closed and k-tight}
Sk o =S # 0| S is incomparable and dcl(S) is k-tight}

vk, = {S| S is incomparable and k-tight}
SF, =S # 0| S is k-defensive and contains |}
Sh o = {S # 0 | S is incomparable and k-defensive}

We highlight some interesting findings: (1) For all the semantics SETAFs are strictly more
expressive than AFs (even for degree 2 attacks). (2) For SETAFs the signatures of stable, preferred
and naive coincide which is in contrast to Dung AFs and k-SETAFs where we have strict subset
relations, i.e. X, C X%, \ {0} € XF for 1 < k < oc. (3) When considering the signatures of
k-SETAFs the expressiveness strictly increases with £ for all of the semantics. (4) For stable se-
mantics the signature of SETAFs coincides with the signature of Abstract Dialectical Frameworks,

which allow for way more complex relations between arguments.

Related Work. The work closest to ours is by Linsbichler et al. [4] and by Polberg [6]. The
former studies SETAFs as a sub-class of ADFs with 3-valued semantics. In order to meet the 3-
valued setting the extension-based semantics of SETAFs are redefined as 3-valued semantics. They
then provide an algorithmic framework that tests whether a given set of 3-valued extensions can
be realized as SETAF. Their results allow to compare the expressiveness of admissible, complete,
preferred, and stable semantics in AFs, SETAFs, and ADFs, but do not provide an explicit charac-
terization of the sets that can be realized as SETAFs. Moreover, the setting with 3-valued semantics
is more restrictive than the extension-based view and thus these results do not translate to the orig-
inal definition of Dung AF and SETAF semantics. The work of Polberg [6, Section 4.4.1] studies
translations between different abstract argumentation formalisms in the extension-based setting. It
already shows that there are certain sets of extensions that can be realized by SETAFs but cannot
be realized with AFs, in order to show that certain translations are impossible. However, the exact
expressiveness of SETAFs is not investigated any further.

Acknowledgements. This research has been supported by FWF through projects 12854 and
P30168.
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A Proofs of Section 3

A.1 Signatures of stable and preferred semantics

We split the proof of Theorem [2|into two propositions.
Proposition 3. X5 = {S | S is incomparable}

Proof. First, as stb(F') C pref(F) and the latter is incomparable by definition we have that also
stb(F") is incomparable for any SETAF F.

For S = () we can just consider the SETAF Fy = ({a},{({a},a)}) with stb(Fy) = (. For
S = {0} we can just consider the empty SETAF Fyp, = ({},{}) with stb(Fyp) = {0}. Given an
incomparable set S containing at least one non-empty set we construct the SETAF F** = (A, R)
(cf. Definition [7). We have that stb(F*®) = S. stb(F*") O S: Consider S € S. For each
a € Argss \ S we have (S,a) € R by construction. Moreover, as S is incomparable the set S is
conflict-free and thus S € stb(F*™®). stb(F*™") C S: Consider S C Argsg, S ¢ S. First, if there
isan E € S such that £ C S then for each argument a € S\ E we have (F,a) € R and thus S
attacks itself. Hence, such an S is not stable. Alternatively, if there is no £ € S such that £ C S
then (a) S does not attack any argument and (b) there is an argument a € E that is not contained
in S. Hence, S is not stable in F*®. ]

Next consider preferred semantics. By definition the set of preferred extensions in incompara-
ble. We next show that being incomparable is also sufficient for an extension-set S to be realizable
under preferred semantics.

Proposition 4. X . = {S # () | S is incomparable}

Proof. First, pref(F) is incomparable and non-empty by definition (for any SETAF F)). For S =
{0} we can just consider the empty SETAF Fyyy = ({a},{({a}),a}) with pref(Figy) = {0}.
Given an incomparable set S containing at least one non-empty set we again consider the SETAF
P = (A, R) (cf. Definition [7). We have that pref( F*"*) = S.

pref(F*®) O S: Consider S € S. For each a € Argsg \ S we have (S, a) € R by construction.
Moreover, as S is incomparable the set S is conflict-free and thus S € sth(F*"?).

pref(F*®) C S: Consider S C Argss, S ¢ S. First, if there is an £ € S such that £ C S,
then there is an argument ¢ € S \ F such that (E,a) € R and thus S attacks itself and thus is
neither conflict-free nor preferred. Thus let us consider the case where there is no £/ € S such that
E C S. Then S does not attack any argument. Notice that by construction all arguments, except
those arguments contained in all sets S € S (we call them skeptically accepted arguments), are
attacked by at least one set S € S. If S contains an argument that is not skeptically accepted, S
cannot be admissible as it is attacked and has no outgoing attacks. On the other hand side if S only
contains skeptically accepted arguments then it is a strict subset of some set in S and thus cannot
be C-maximal among the admissible sets. That is, S & pref( F*). O
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A.2 Signatures of grounded, conflict-free and naive semantics

First, we consider grounded semantics. Grounded semantics, in SETAFs as well as in AFs, is
a unique status semantics, i.e. it always yields a unique extensions. Thus it can only realize
extension-sets that contain exactly one extension.

Proposition 5. X%, = {S | [S| =1}

Proof. The grounded semantics always proposes a unique extension. An extension-set S = {S}
single set can be realized by the SETAF with arguments S and no attacks, i.e. by the SETAF
(S, 0). O]

Next consider conflict-free sets. We have that if a set is conflict-free then also all it subsets are
conflict-free. As we show next, the fact that an extension-set is downward-closed is also sufficient
to realize it with a SETAF.

Lemma 3| (restated) For each extension-set S we have cf( F¥) = dcl(S).

Proof. Consider the SETAF F'¥ (see Definition 8 and let us show first that ¢f(F¥) D S. Pick any
S € S and any attack (S’,a) € R with S” C S. By construction, we have that (S’ U {a}) € PAtts
and, thus, that (S"U{a}) Z S. Hence, since 5" C 5, it follows that a ¢ S and that S is conflict-free.
Hence, we have that ¢f(F'¥) D S and that dcl(¢f{F¥)) 2 dcl(S). Furthermore, from Proposition [6)]
we also have that ¢f{ F'Y) = dcl(F) and, thus, we get ¢f(F¥) D dcl(S). Let us show now that
cf(F) C dcl(S) also holds. Pick S € PAtts, some argument ¢ € S and let S’ = S\{a}. Then, by
construction (S, a) € R and, thus, S is not conflict-free. O

Proposition 6. X35 = {S # () | S is downward-closed}

Proof. By definition, if a set is conflict-free then all its subsets are conflict-free as well. Thus,
we have that ¢f(F') is downward closed for all SETAFs F. We next consider the SETAF F'¥ (see
Definition [8). By Lemma 3] we have ¢f(F') = dcl(S) and thus also ¢f(F¥) = S. O

Proposition 7. X, = {S # 0 | S is incomparable}

naive

Proof. By definition, if a set is naive then all it is a maximal conflict-free set. Thus, we have that
naive(F) is incomparable for all SETAFs F'. We next consider the SETAF F (see Definition .
and show that naive(F'¥) = S. First notice that by Lemma [3| we have cf(F) = dcl(S). As S
contains exactly the C-maximal elements of dcl(S) and the naive extension of F are the C-maximal
elements of ¢f( F') we obtain naive(F) = S. N

A.3 Signature of Admissible Semantics

This section is devoted to proof of Theorem [4]
Theorem[d] (restated) 325, = {S # 0 | S is set-conflict-sensitive and contains 0}.

adm
We first show that the conditions of our characterization are indeed necessary.
Lemma4} (restated) For any SETAF F we have that adm(F) is set-conflict-sensitive and contains

{0}.
17



Proof. First, notice that the empty set is always admissible. Next assume there are two admissible
sets A, B such that the set C' = A U B is not admissible. By Lemma [2] the set C' defends itself
against all attackers and thus there must be a conflict in C, i.e. there exists an attack (S,a) € R
with S C C'and a € A.

e If a € Athen, as A is conflict-free, SN B # (). Moreover, as A is admissible it has to defend
itself against (5, a), i.e. there is an attack (S’,b) with S” C A and b € S N B. Hence, we
have S’ U {b} € PAttugm(r)-

e If a € B then, as B is conflict-free, SN A # (). Moreover, as B is admissible it has to defend
itself against (S, a), i.e. there is an attack (S*, ¢) with S* C B and ¢ € SN A. Now, as A is
admissible as well, there is also an attack (S, b) with S’ C A and b € S* C B. Hence, we
have S" U {b} € PAttugm(r)-

We obtain that adm(F’) is set-conflict-sensitive. O

Proposition [1| (restated) Let S be a set-conflict-sensitive extension-set that contains (). Then, we
have that S = dcl(S) N ucl(S).

Proof. Pick any set-conflict-sensitive S and let S’ = dcl(S) and S” be the union closure of S”. By
construction, we have that S’ is downward-closed, that S” is union-closed, that ) € S’ N'S” and
that S’ N'S” O S. Hence, it only remains to be shown that S’ N'S” C S also holds. Suppose for the
sake of contradiction that there is some set S € ((S'NS”)\S). Since S € §', by construction, S
must be of the form S = AU B with A, B € S and, since S is set-conflict-sensitive, S ¢ S implies
that there is some b € B such that (A U {b}) € PAtts. Furthermore, since S € S/, there is also
some S’ € S such that S C S’ and, thus, we have (AU {b}) C (AU B) C S C 5" whichis a
contradiction. Hence, it must be that S’ N'S” C Sand ' N'S” = S hold. O]

Now assuming that an extension-set satisfies the conditions of our characterization we step-
wise construct an AF realizing S. We start with the sub-AF that exploits the conflict-free condition
of admissible semantics to rule out set AU B ¢ S for A, B € S.

The proof of Proposition |2|is by the following two lemmas.

Lemma 17. Let F} = (A1, Ry) and Fy = (Ag, Rs) be two frameworks and let S C (A1 N As) be a
set of arguments. Then, S is conflict-free w.r.t. F1 U Fy = (A; U Ay, Ry U Ry) iff S is conflict-free
w.r.t. both F| and F5.

Proof. Pick any (A,b) € (R; U Ry). Hence, (A,b) € R; for some ¢ € {1,2} and, since S is
conflict-free w.r.t. both F} and F (resp. F} U F5), it follows that (AU {b}) € S. That is, for every
attack (A,b) € (R; U Ry), we have that (A U {b}) Z S and, thus, that in S is conflict-free w.r.t.
Fy U F; (resp. both I} and F5). U]

Lemma 18. Let F} = (A1, Ry) and F» = (Ay, Rs) be two frameworks and let S C (A; N Ag) be
a set of arguments. If S is admissible w.r.t. both F| and F;, then S is admissible w.rt. Fy U F, =
(A1 U Az, R{ URy).
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Proof. First, note that since S is admissible w.r.t. both F} and F3, it is also conflict-free w.r.t. both
Fi and F5 and, from Lemma this implies that S' is conflict-free w.r.t. F; U F,. Let us show us
that S also defends itself. Pick any b € S and (A,b) € (R; U Ry). Hence, (A,b) € R; for some
i € {1,2} and, since S is admissible w.r.t. both F} and F5, it follows that there is C' C S and
a € A such that (C,a) € R;. That is, for every argument b € S and attack (A,b) € (R U Ry),
there is some C' C S and a € A such that (C,a) € (R; U R,) and, thus, that in S is admissible
W.I.t. F1UF2. ]

Lemma [5| (restated) Let S be a set-conflict-sensitive signature that contains () and S C Argsg be
some set of arguments such that S = [J T for some subset T C S. Then, we have that S € cf(Fgf )
implies S € S.

Proof. Let us define A C T such that [JA € S and there is no A’ C T such that A C A’ and
[JA’ € S. Note that such A always exists because | ) = () € S. We also define A = | A. Towards
a contradiction assume that A C T and pick any B € T\A. Then, by construction, we have that
A, B € S and that (AU B) ¢ S. Furthermore, since S is set-conflict-sensitive, it follows that there
is b € B such that (AU {b}) € PAtzg. This implies that there is an attack (A,b) € R{ and, thus,
(AU {b}) ¢ cf(F). Finally, since (AU{b}) C (AUB) C S and cf( F) is downward-closed, this
implies S ¢ cf(F¥) which is a contradiction with the assumption that S € ¢f{ FY/). Hence, it must
be that A = T and, thus, that A = S holds. Since A € S by construction, this implies S € S. [

Lemma 6, (restated) Let S be a set-conflict-sensitive signature that contains (), then S C dcl(S) C
adm(Fg).

Proof. Pick any set S € dcl(S), any argument a € S and any attack (S’,a) € RY. Then,
(SUS’) ¢ dcl(S) and, since S, S’ € S and S is conflict-sensitive, it follows that there is some
b € S such that (S U {b}) ¢ dcl(S). This implies that (S,b) € R and, thus, that S defends a
against (S’, a). Hence, S defends itself against all attacks in RY. [

Lemma (restated) For every extension-set S that is set-conflict-sensitive and contains (), we
have that adm(F4") O ucl(S).

Proof. We show that adm(F"") D ucl(S). Let us first show that adm(F"!) O S. Pick any A € S,
a € Aand (S,a) € R*. Then, by construction, we have that S = {z,} and, since a € A, that
(A, x,) € R*“, so A also defends against all attacks in R“!. Hence, we have that adm(F*') O S
hold. Pick now A, B € S. Then, A,B € adm(F”“’) and, thus, A U B defends itself w.r.t. F“,
Furthermore, by construction, there are no attacks between elements of AU B and thus AU B €
adm(F""). O

The following lemma completes the proof of Proposition

Lemma (restated) For every extension-set S that is set-conflict-sensitive and contains () we
have adm(F“™) = S.
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Proof. We consider the SETAF F“/" (see Definition[10) and show that adm(F™) D S. First, note
that from Lemma@ we have that adm(F¥) O S. Let us show that adm(F’) O S also holds. Pick
any a € S and (5’,a) € R'. Then, by construction, we have that 5" = {z,} and, since a € S, that
(S,1,) € R, so S also defends against all attacks in R’. Hence, we have that adm(F9) O S and
adm(F") 2 S hold. From Lemma 18] this implies adm(F*™) D adm(F¥ U F') O S follows.

The other way around, Let us show that adm(F') C S also holds. Pick any S € adm(F'). Then,
for every argument a € S (there is an attack ({z,},a) € R and, so) there must be an attack
(T,,{x.}) € R*“" with T, C S. Furthermore, by construction, we also have that 7, € S and
a€T, LetT={T,|a€ S}t CSand C =|JT. Then, we have that C' = S and, from Lemma
and the fact that S € adm(Fg*™) C cf(F&) C cf(FY), this implies that S € S. O

A.4 Signature of Complete Semantics

In this section we provide a detailed proof for Theorem 3]
Theorem [5] (restated) X2, = {S # 0 | S is set-comp-closed and (S € S}

com
The following Lemma shows that the signature of every SETAF is indeed set-comp-closed and
contains the intersection of all its elements.

Lemma@ (restated) For every SETAF F' we have that (a) the extension-set com(F') is set-comp-
closed and (b) () com(F) € com(F).

Proof. First, notice that () com(F') = grd(F’) and as the grounded extension is complete we obtain
(b). In order to show (a) consider extension-sets T,U C com(F') and sets T = |JT, U = JU
such that T, U € dcl(com(F)). From T, U € dcl(com(F)), it follows that T, U € c¢f(F') and from
T =T, U =JU with T,U C com(F) it follows that 7" and U defend themselves. Hence,
we get T,U € adm(F'). If in addition we have T'U U € cf(F'), then by Lemma [2| we have
that 7 U U € adm(F') and thus by Lemma |1| there is a unique C-minimal complete extension
E € com(F)withTUU C E,ie. |Coomm(TUU)| =1. fTUU ¢ cf(F) then there exists an
attack (S,a) € Rwith S CTUU anda € TUU.

e If a € T, as T is admissible, there is an attack (77, u) with 7" C T'andu € S\ T C U.
Thus, T'U {u} € PAtteom(r).

e If a € U, as U is admissible, there is an attack (U’,s) with U’ C U and s € S\ U C T.
Now, as T is admissible, there is an attack (7", u) with 77 C T and v € U’ C U. Thus
TU {u} S PAttwm(F).

In both cases we have an v € U such that T'U {u} € PAft,,ur) and thus com(F’) is set-comp-
closed. O

The realization corresponding Theorem [5is based on the construction for the admissible se-
mantics given in Definition[10] First, given an extension-set S, by reduced(S) = {S\(\S | S € S},
we denote a reduced extension-set whose corresponding ground extension is empty. Furthermore,
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by admcl(S) = {|JT | T CS,JT € dcl(S) } we denote the admissible closure of S, that is, the
minimal extension-set that includes S and is admissible realizable.

Lemma (restated) For every extension-set S that is set-comp-closed and satisfies (]S € S, we
have that com(F§™") = S.

Proof. Consider the SETAF F£°" from Definition[12] Let S' = reduced(S), S* = dcl(S') Nucl(S')
and let us show first that com(F§™) = S'. Notice that S is still set-comp-closed and () € §'.

Let us show that S* is set-conflict-sensitive. Consider 7', U € S* such that T"U U ¢ S*. Then,
by construction of S*, we have that T U U ¢ dcl(S') and thus C,,(p) (T U U) = 0. Now as S is
set-comp-closed there is an argument . € U such that T'U {u} € PAtts. That is, for T,U € S*
such that T'U U ¢ S* there is an argument v € U such that T U {u} € PAtfs.

Hence, the extension-set S* is set-conflict-sensitive and, from Lemma it follows that
adm(F¢™) = S*. Now consider the new attacks in R’ and how they affect the admissibility of
sets. Notice that only auxiliary arguments z, are attacked and thus each set that is admissible in
Fém is admissible in F£o™ as well (Lemma . Hence, we have adm(F&™) C adm(FE™). Let
us show S’ C com(F§™). Consider S € ' C S*. By the above, we have that S € adm(Fg§™),
and it remains to be shown that S does not defend any a € Argsg \ 5, i.e., does not attack any
x, for a € Argsg \ S. By construction of F§™ the set S only attacks arguments z, with a € S
and thus S € com(F§™) follows. The other way around, let us show S' O com(F§™). Consider
S € adm(F$™). We next show that if S ¢ S' then S & com(F§™). To this end we consider two
cases.

e S € adm(F¢™) \ S*: Notice that S* = adm(F4™). Consider a set S that is admissible
in F&™ but not in F¢9". This can only be because of the attacks introduced with R’. That
is, there is some x4 with s € S that prevents that S is admissible in F¢%" and an attack
(AU B, zs) € R with which S defends itself against x, in F§. Thatis A, B C S and, by
the definition of R, we have that there is a unique completion C' = Cg/(AU B) and s € C'
(recall that in R’ we only draw attacks for AU B with a unique completion). As C' € §' C S*
and s € C, by construction, there is an attack (C, z;) in Fgf’m That is, if C' C S then S
attacks z, in Fg9", a contradiction to our initial assumption. Hence we have C' ¢ S. But
then we can argue as before that, in Fys, S defends all arguments in C' and thus S is not
complete.

e S € S*\ S Then, thereisaset T C S suchthat(JT = S and S € dcl(S'). As §'is set-
comp-closed for each A, B € §' with A, B C S we have a unique completion set Cs/ (AU B)
(as AU B € dcl(S') we cannot have a conflict in A U B). Towards a contradiction assume
that for all A, B € §' such that A, B C S we have Cs/(AU B) C S. Then we can iteratively
replace A, B € T by Cs/(A U B) and we end up with a single set in T. But then S € §/, a
contradiction. Thus there are two sets A, B € S’ suchthat A,B C Sand AUB ¢ §', and
there is also a unique set C' € Cg(A U B) with C € S Letc € C'\ S, we next argue the S
defends ¢ and thus is not complete. By construction A U B (and thus S) attacks all x, with
a € C. Now consider a set set D € S* that attacks c¢. We have that (AU B) U D & dcl(S')
and thus there is an d’ € D such that (AU B) U {d'} € PA#t(S*) = PAu(S'). Thatis AU D
defends c against both possible kinds of attackers and thus defends c.
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Combining the both cases we obtain that if S & S’ then S ¢ com(F§™). Finally, just note that
com(F§™) just adds to com(F§™) the arguments in | JS as unstacked, Hence, S € com(F§") iff
(S\NS) € com(FE™) and, thus, com(F§™™) = S.

Given a set-comp-closed S with (S € S. We first construct an AF for ' = {S\ (S| S € S}
and then add the arguments of [|S € S as isolated arguments. Now consider S* = {{JT | T C
ST € dcl(S')} and constructed the SETAF F%" for S*. We now expand the SETAF F“™ by
the following attacks

R/:{(AUB,QZQ) | A B GS\{@},GE Cg/(AUB)}

For Feom = (A®m Reom) = (A%m Radm ) R') we then have com(F°™) = S'. We first show that
S* is admissible realizable by [“¢". First, by construction of S’, we have ) € S*. It remains to
show that S* is also set-conflict-sensitive. Consider T, U € S* such that 7" U U ¢ S*. Then, by
construction of S*, we have that T U U ¢ dcl(S') and thus C. ) (T U U) = (0. Now as §' is set-
comp-closed there is an argument u € U such that 7' U {u} € PArts. That is, for T, U € S* such
that T U U ¢ S* there is an argument . € U such that T'U {u} € PArts. Hence, S* is set-conflict-
sensitive. By Theorem 4| we have that S* = adm(F®™). Now consider the new attacks in R’ and
how they affect the admissibility of sets. Notice that only auxiliary arguments z, are attacked and
thus each set that is admissible in F%™ is admissible in F*" as well, i.e. adm(F*“™) C adm(F°™).
S" C com(F™): Consider S € §' C S*. By the above we have S € adm(F™) it remains to
show that S does not defend any a € Argsg \ S, i.e., does not attack any z, for a € Argsg \ S.
By construction of F“°" the Set S only attacks arguments z, with a € S and thus S € com(F“™)
follows. S’ O com(F™): Now let us consider S € adm(F“™). We next show that if S ¢ S’ then
S & com(F™). To this end we consider two cases.

e S € S*\ S Then S contains two sets A, B € §' such that AU B ¢ S’ and there is a unique
set C € Cg(AUB) withC € S. Letc € C'\ S, we next argue the S defends c and thus is
not complete. By construction A U B (and thus S) attacks all z, with a € C. Now consider
a set set D € S* that attacks c. We have that (AU B) U D ¢ dcl(S') and thus there is an
d" € D such that (AU B) U {d'} € PAit(S*) = PAn(S'). Thatis A U D defends c against
both possible kinds of attackers and thus defends c.

e S € adm(F°™) \ S*: Notice that S* = adm(F*™). Consider a set S that is admissible in
Feom but not in F“¥_ This can only be because of the attacks introduce with R'. That is, S
contains A, B € §' and there is a unique set C' € Cs/(A U B) with C' Z S. But then we can
argue as before that S defends C' and thus is not complete.

Combining the both cases we obtain that if S ¢ S’ then S & com(F™). Finally, by adding the
arguments [ | S to ['°°" we obtain our realization of S, i.e. com(A“" U[S, R“™") = S. O
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B Proofs of Section d

B.1 Signatures for Conflict-Free and Naive Semantics

The Proof of Theorem|6]is by the following two propositions.
Proposition 8. %}, = {S # ) | S is downward-closed and k-tight}

Proof. First we show that ¢f( F') is downward-closed and k-tight for every k-SETAF F. If S €
¢f(F) than no subset of S can contain a conflict as then S would contain that conflict as well,
i.e. all subsets are conflict-free as well and thus ¢f(F') is downward-closed. Now consider an
argument a such that S U {a} & c¢f(F'). Then S U {a} attacks S U {a}, that is either there is a set
S" C SU{a} with (5’,a) € Ror there is aset £ witha € F and (E,b) € R forsome b € S. In
the former case S’ U {a} is of size < k + 1 and S' U {a} ¢ dcl(cf(F)). In the latter case consider
S" = (E\ {a}) U{b} whichis of size < k+ 1 and S’ U {a} = EU{b} & dcl(cf(F)). In both
cases we have S’ U {a} € PAttff( r) and thus the condition for cf(F) being tight is satisfied.
Now consider F¥* from Definition {14, We have that cf{ F{"*) = S.

1) Let us show first that ¢f(F*) D S. Pick any S € S and any attack (S’,a) € R with S’ C S.
By construction, we have that (S’ U {a}) ¢ dcl(S) and, thus, that (S U {a}) € S. Hence, since
S C S, it follows that a ¢ S and that S is conflict-free. Hence, we have that cf(Fgf’k) D S.

2) Now consider ¢f(F*) D'S. Pick S C Argss with S ¢ S as S is downward closed we have
that there is an S’ € S such that S’ C S, and w.l.o.g. assume that S’ is a maximal such set.
Pick a € S\ §'. As S is k-tight there is an attack (B,a) € R for some B C S’ and thus
S ¢ ES™). 0
Proposition 9. X% . = {S + () | S is incomparable and dcl(S) is k-tight}

naive

Proof. First consider naive(F') for some k-SETAF F'. By definition naive(F’) is incomparable and
dcl(naive(F)) = ¢f(F). Thus by Proposition [§|dcl(naive(F)) is k-tight

To realize a set S that is incomparable and such that dcl(S) is k-tight consider ' = dcl(S)
and realize it by the construction of Proposition 8| Let F' be the resulting SETAF. Then we have
that ¢f(F') = S and by construction S contains exactly the C-maximal elements of S’. Hence,
naive(F') = S. O

B.2 Signatures for Stable Semantics
Theorem 7} (restated) ©*, = {S | S is incomparable and k-tight}

stb

Proof. First consider stb(F') for some k-SETAF F. As stb(F) C pref(F) it is incomparable.
Now consider E' € stb(F'). By definition for each argument a ¢ E there is an attack (B, a) with
|B| < k. That is there is no E’ € stb(F') with BU {a} C E’ and thus B U {a} € PAtty,r. That is
stb(F) is also k-tight.

Now consider the SETAF F}™ from Definition [15| We have that stb(F') = S.
1) Let us show first that sth(F;™) O S. Pick any S € S and any attack (S’,a) € R with S’ C S.
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By construction, we have that (S’ U {a}) € PAtts and, thus, that (S' U {a}) € S. Now consider
a € Argsg \ S. As S is k-tight there exists B C S, |B| < k such that B U {a} € PAtts and thus
(B,a) € R. Finally, consider zp € {zg | S ¢ Sand S C-maximal in dc/(S)}. We have that S
and E are incomparable and thus there is an argument ¢ € E such that ({a},zg) € R. That is,
S € sth(F3™).

2) Now consider sth(Fi®) 2 S. Pick S C Argss. If S & naive(F;™) then it is not stable,
thus we will assume S € naive(F;™). Notice that by construction we have naive(F) = {xg |
S C-maximal in dcl(S)}. That is, there is an argument s € A with zg ¢ S and S not attacking
zs. Thus, S & sth(F3™). O

B.3 Signatures of Admissible and Preferred Semantics

Remark 3. Given an extension-set S, if there exists a set P that meets the conditions of Defini-
tion [I6 one such set can be computed by a fixed point iteration as follows. In an initial phase, for
each S € S consider all subsets A% of size min(k, |S|) and for b € Argsg \ S and add (A%, ) to P.
Then iteratively check condition (ii) and remove attacks that violate the condition from P. When
the fixed point is reached, i.e. P satisfies (i1), check condition (i). If (i) is valid we have found a set
P that meets the conditions of Definition [16] otherwise there is no such set.

In this section we provide a full proof for Theorem|8]
Theorem (restated) 3}, = {S # 0 | Sis k-defensive and contains ()} and ¥, = {S # 0 |

adm
S is incomparable and k-defensive}

We first show the result for admissible semantics.

Proposition 10. 3%, = {S # 0 | S is k-defensive and contains 0}

adm

Lemma 11} (restated) For any SETAF F' we have that adm(F) is k-defensive and contains ().

Proof. First, notice that the empty set is always admissible. Now we consider the set P =
{(S,a) € R | S C Args,,,(F)} and show that it satisfies the two conditions for S being k-
defensive.

1) Assume there are two admissible sets A, B such that the set C' = A U B is not admissible. By
Lemma [2] the set C' defends itself against all attackers and thus there must be a conflict in C, i.e.
there exists an attack (S,a) € Rwith S C C'and a € A.

e If a € Athen, as A is conflict-free, SN B # (). Moreover, as A is admissible it has to defend
itself against (A, a), i.e. there is an attack (S’,b) with 8 C A and b € S N B. Hence, we
have (5',b) € P.

e If a € B then, as B is conflict-free, SN A # (). Moreover, as B is admissible it has to defend
itself against (5, a), i.e. there is an attack (S*, ¢) with S* C B and ¢ € SN A. Now, as A is
admissible as well, there is also an attack (S’,b) with S’ C F and b € S’ C B. Hence, we
have (5',b) € P.
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2) If (S,b) € P then S attacks b in F'. Thus each set S’ € adm(F) with b € S’ defends itself
against S, i.e. for each S’ € adm(F) with b € S’ there is a pair (A%,a) € R with AL C S’ and
a € S. Thus, also (A?, a) € P and the second condition is satisfied.

We obtain that adm(F) is set-conflict-sensitive. O

Lemma (restated) Let S be a k-defensive signature that contains (), P a set that meets the
conditions of Definition|16/and S C Argss be some set of arguments such that S = | J T for some
subset T C S. Then, we have that S € cf(Fgf p) implies S € S.

Proof. Consider a SETAF FSCf p as given in Deﬁnition Let us define A C T such that (JA € S
and there is no A’ C T such that A C A" and [JA’ € S. Note that such A always exists because
UD=0€S. We also define A =[JA. Towards a contradiction assume A C T and pick any
B € T\A. Then, by construction, we have that A, B € S, (AUB) C S and that (AU B) ¢ S. Fur-
thermore, since S is k-defensive, it follows that there are A’ C A and b € B such that |A’| < k and
(A’,b) € P. This implies that there is an attack (A, b) € Rgp and, thus, (A’ U {b}) ¢ cf(FSC{P). Fi-
nally, since (A’U{b}) C (AUB) C S and cf(Fg p) is downward-closed, this implies S ¢ cf(Fg p)
which is a contradiction with the assumption that S € cf(FSC{ P). Hence, it must be that A = T and,
thus, that A = S holds. Since A € S holds by construction, this implies S € S. O

Lemma (restated) Let S be a k-defensive signature that contains (), Then S C dcl(S) C
adm(Fg).

Proof. Pick any set S € dcl(S), any argument ¢ € S and any attack (5’,a) € jo p- Then,
(SUS’) ¢ dcl(S) and, since S, S’ € S and S is k-defensive it follows that there are some S* C S,
b € S’ such that (S*,b) € P. This implies that (S*,b) € Rg p and, thus, that S defends a against

(57, a). Hence, S defends itself against all attacks in Rg p- O

Lemma (restated) For every extension-set S that contains () we have that S € adm(FSdef ) iff
S =T for some T C S.

Proof. First notice that there are no conflicts between arguments in Argsg and all arguments not in
Argss are self-attacking. It thus suffices to show that S defends itself in F£< iff S = |J T for some
T CS.

=:LetS € adm(FSdef ) and consider an argument a € S. S attacks all the arguments «,, that
attack a and by construction this implies that S contains a model M of CDE. By Lemma |14 we
have M U {a} € S. As this holds for each argument a € S thereisa T C S such that S = J T.

<:LetT CSand S =JT. Consider @ € S and aset T € T corresponding with a € T. By
Lemma we have that 7'\ {a} is a model of CD: and thus attacks all of the arguments a,,. That
is a is defended by S. Hence, S € adm(FSdef ) O

Lemma (restated) For every extension-set S that is k-defensive and contains () we have that
adm(F{p) = S.
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Proof. We consider the k-SETAF F¢4 = F¢, U F¢” from Definition and show that S =
adm(Fg).

e S C adm(F¢p'): We have that, by LemmaS C adm(Fg /) and, by Lemma (15 S C
adm(F{9). Hence, by Lemma S C adm(F§y).

® S D adm(F§%): Consider S € adm(Fg') which by definition is conflict-free in F¢%'.
Notice that, attacks from Fy/ s.p cannot be used to defend against attacks from Fg 4 and vice

versa. Thus, by Lemmaand the above observation, S € aa’m(FS‘f p)and S € aa’m(Fdef ).

By Lemma 15| u we have that S = |JT for some T C S. Now by Lemma 12| we have that if
such an S'is in ¢f{ Fg] 9.) then S € S. As we already know that S € adm(Fg'p) C S we obtain
S €S.

]
Finally we consider the signature for preferred semantics.

Proposition 11. X% .= {S + () | S is incomparable and k-defensive}

pref —

Proof. First consider the set pref(F') for an arbitrary SETAF F' = (A, R). The extension-set
pref(F') is incomparable by the definition of preferred semantics.

Now we consider the set P = {(S,a) € R | S C Args,,,(F)} and show that it satisfies the
two conditions for S being k-defensive.
1) Consider arbitrary extensions £, T € pref(F') with £ # T. By the maximality of £ and T we
have that EU T ¢ pref(F), E U T is not contained in any preferred extension, and, by Lemma 2]
we know that ' U T' defends itself against all attackers.

That is, there is a conflict (B,a) € Rsuchthat BC FUT anda € EUT.

e Ifa € F then, as F is conflict-free, BNT # (). Moreover, as F is admissible it has to defend
itself against (B, a), i.e. there is an attack (S,b) with S C E and b € B NT. Hence, we
have (5,b) € P

e If a € T then, as T is conflict-free, BN E # (). Moreover, as T is admissible it has to defend
itself against (B, a), i.e. there is an attack (S’,¢) with S’ C T'and c € BN E. Now, as £
is admissible as well, there is also an attack (.5,b) with S C F and b € S C T'. Hence, we
have (5,b) € P

2) If (S,b) € P then S attacks b in F. Thus each set 5" € pref(F') with b € S” defends itself
against S, i.e. for each S’ € pref(F) with b € S’ there is a pair (A7, a) € R with AL C S’ and
a € S. Thus, also (AZ, a) € P and the second condition is satisfied.

We obtain that pref( F') is k-defensive.

Now consider an extension-set S that is incomparable and k-conflict-sensitive. The set S' =
S U {0} is k-conflict-sensitive and contains the empty set. By Proposition |10 there is a k-SETH
F such that adm(F') = S'. As the preferred extensions are the C-maximal admissible sets we also
have pref(F') = S. O
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Proposition 12. Every k-tight incomparable extension-set is also k-defensive.

Proof. Consider some k-tight incomparable extension-set S. We define P as the set of pairs (5, a)
with S’ U {a} € PAtt: and S’ C S € S. We next show that P meets the conditions of Deﬁnition

e condition (i): Consider S,T € S with SUT ¢ S. Then there isat € T \ S such that
SU{t} € Sandas S is k-tight there is a set S’ C S with " U {t} € PA#E. Thus (5',t) € P
and the condition is satisfied

e condition (ii): Now consider a set 7' € S that is attacked by (S’,t) € P, i.e.t € T. We have
that 5" must contain an argument s such that 7'U {s} ¢ S otherwise, as S is incomparable,
S’ U{t} C T and thus S" U {t} & PA#%. Then as S is tight there is a pair (1", s) € P with
T’ C T and hence also this condition is satisfied.

As the constructed P satisfies both conditions of Definition [16l we obtain that S is k-defensive. [

Example 9. Reconsider the argument set A = {ay, as, ..., ar+1, ar2} and the extension-set T =
{S C A| |S| =Fk+1} from Example[7| We next argue that the extension set T is not k-defensive.
For the sets S; = {aj,az,...,ap11} and Sy = {ag,as, ..., ax12}, weneed S’ C Sy andt € S,
such that S" U {t} € PAttf. Indeed the only option for ¢ is aj + 2 as otherwise S’ U {t} C S.
But we also have that for any S” C S the set S U {ay2} is contained in some 7" € T and thus
SU {ayo} & PAME.

Hence, T cannot be realized as preferred extensions/admissible sets of a k-SETAF. However,
one can easily verify that T is (k 4 1)-defensive and thus T can be realized as preferred extensions
of a (k+1)-SETAF as well as TU{(} can be realized as admissible extensions of a (k+1)-SETAF.
O

Note that, for incomparable S, whenever S is k-tight, also S is k-defensive. Hence, for k-
SETAFs, the preferred semantics is more expressible than the semantics semantics. We next show
that preferred semantics is indeed strictly more expressive than stable semantics.

Example 10. We consider the argument set A = B U C U {e} with B = {by,bs,...,bxs1},
C = {ci1,ca,...,cry1} and the extension-set S that contains (i) the set B, and (ii) the sets B U
{ci,e} \ {b;i} for 1 < i < k+ 1. Itis easy to verify that S is incomparable. We next argue that the
set S is not k-tight. Consider B € S and the argument e. We have that S U {e} ¢ S but for each
S’ C S with |S’| < k the set S’ U{e} is contained in one of the sets in S and thus S'U {e} ¢ PA#.
That is, S is not tight and can not be realized with a k-SETAF under stable semantics. However,
one can easily verify that S is conflict-sensitive and thus S can be realized with a 1-SETAF (and
more general with a k-SETAF for any £ > 1) under preferred semantics. O
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