The complexity of graph Ramsey achievement and avoidance games

Wolfgang Slany

Institut für Informationssysteme, Technische Universität Wien, Austria mailto: wsi@dbai.tuwien.ac.at, http://www.dbai.tuwien.ac.at/staff/slany/

Abstract

Given two graphs G and A, two players, Red and Green, alternate in coloring the edges of G in their respective color. Aim is to avoid (achieve) to build a monochromatic subgraph isomorphic to A. How difficult are these games?

Overview

• In medias res: Let’s play . . .

• Complexity of the graph Ramsey games • Ultra-strongly solving Sim and Sim+ • About the unlikeliness of solving Sim4 etc. • The “difficulty” of combinatorial games revisited • Some conjectures • Further remarks

Sim: G = K_{Ramsey(3,3)} = K_6, A = K_3 on G_{Avoid-Ramsey}

Considering that a hands-on session with an interactive system often is worth more than a thousand images:

�

... with random permutations between moves:

This Java applet plays Sim and a variant, Sim+. In case you win, you will be allowed to leave your name in our hall-of-fame!

Sim and Sim+ can never end in a tie:

Ramsey(3,3)=6

(visual proof by courtesy of Ranan Banerji)

A winning strategy for the G_{Achieve-Ramsey} game Sima:

No simple winning strategies are known for Sim and Sim+.

⇒ Natural question: How “difficult” is a game?

Translation to complexity theory:

How does the function bounding the computational resources that are needed in the worst case to determine a winning strategy for the first player grow in relation to the size of the game description?

Typical results: Generalizations of well-known games such as Chess, Checkers, and Go to boards of size n × n have been classified as polynomial space and exponential time complete [20, 21, 39].

Note: P ⊆ NP ⊆ PSPACE ⊆ EXPTIME

How to generalize Sim to game boards of arbitrary size? ⇒ Graph Ramsey theory Definition 1 G → A:

We say that a graph G arrows a graph A if every edge-coloring of G with colors red and green contains a monochromatic subgraph isomorphic to A. G is called a Ramsey graph of A.

Theorem 1 [10, 17, 52] Every graph has Ramsey graphs. Theorem 2 [54]

Deciding G → A for given G and A is �P_2 -complete.

Generalizing Sim to graph Ramsey theory leads to:

Definition 2 G_{Avoid-Ramsey}(G, A, E^r, E^g):

Given two graphs G = (V, E) and A and two nonintersecting sets Er ∪ Eg ⊆ E that contain edges initially colored in red and green, respectively. Two players, Red and Green, take turns in selecting at each move one so-far uncolored edge from E and color it in red for player Red respectively in green for player Green. However, both players are forbidden to choose an edge such that A becomes isomorphic to a subgraph of the red or the green part of G. It is Red’s turn. The first player who cannot move loses.

Similar definitions of G_{Avoid-Ramsey}+ and G_{Achieve-Ramsey}.

Main complexity results Theorem 3 G_{Avoid-Ramsey} is PSPACE-complete. Theorem 4 G_{Avoid-Ramsey}+ is PSPACE-complete.

And, surprisingly,

Theorem 5 G_{Achieve-Ramsey} is PSPACE-complete.

Significance: These games thus are as difficult as other well-known difficult games such as Go, and at least as difficult as any NP-complete problem.

Proof sketch of Theorem 3 • Membership in PSPACE: easy.

• Hardness: via a LOGSPACE reduction from the PSPACE-complete game G_{Achieve-POS-CNF} [55]:

Definition 3 G_{Achieve-POS-CNF}(F ): We are given a positive

CNF formula F . A move consists of choosing some variable of F which has not yet been chosen. Player I starts the game. The game ends after all variables of F have been chosen. Player I wins iff F is true when all variables chosen by player I are set to true and all variables chosen by player II are set to false.

Example: On input F = (x_1 ∨ x_4) ∧ (x_2 ∨ x_3) ∧ (x_2 ∨ x_4) player I has a winning strategy.

F is reduced to the following G_{Avoid-Ramsey} game . . . �

F = (x_1 ˙ x_4)^

(x2 ˙ x3) ^ (x2 ˙ x4)

Proof sketch of Theorem 4

• A careful analysis of the proof of Theorem 3 reveals that we can reuse the reduction of that proof to show

the PSPACE-completeness of G_{Avoid-Ramsey}+. • Indeed, all arguments go through even when both players are allowed to color more than one edge per move.

• The difficulty here lies in the rather involved analysis of the cases when the opponent plays non-optimally.

Proof sketch of Theorem 5 • Membership in PSPACE: easy.

• Hardness: via a LOGSPACE reduction from the PSPACE-complete game G_{Achieve-POS-DNF} [55]:

Definition 4 G_{Achieve-POS-DNF}(F ): We are given a positive

DNF formula F . A move consists of choosing some variable of F which has not yet been chosen. Player I starts the game. The game ends after all variables of F have been chosen. Player I wins iff F is true when all variables chosen by player I are set to true and all variables chosen by player II are set to false.

Example: On input F = (x_1 ∧ x_2) ∨ (x_3 ∧ x_4 ∧ x_5) ∨ (x3 ∧ x5 ∧ x6) ∨ (x3 ∧ x4 ∧ x7) player II has a winning strategy. The corresponding G_{Achieve-Ramsey} game is . . . �

F = (x_1 ^ x_2) ˙ (x_3 ^ x_4 ^ x_5)˙

(x3 ^ x5 ^ x6) ˙ (x3 ^ x4 ^ x7)

Definition 5 ([1, 56]) A combinatorial game is . . . • ultra-weakly solved if the game-theoretic value for the initial position has been determined, • weakly solved if it is ultra-weakly solved and a strategy exists for achieving the game-theoretic value from the opening position, assuming reasonable computing resources, • strongly solved if for all possible positions, a strategy is known for determining the game-theoretic value for both players, assuming reasonable computing resources, and • ultra-strongly solved if for all positions in a strongly solved game, a strategy is known that improves the chances of achieving more than the game-theoretic value against a fallible opponent.

Theoretical size of Sim’s game tree: 15! ≈ 1.3 × 1012. In case of Sim+: 15! × 215−1 ≈ 2.1 × 1016. Practical size of their directed acyclic game graphs: • Sim: 2,309 non-isomorphic positions • Sim+: 13,158 non-isomorphic positions ⇒ Strong solutions of Sim and Sim+ are easily feasible.

To ultra-strongly solve Sim, we additionally need a strategy for non-winning positions. In our applet, we: • maximize static chance of opponent to make a mistake • improve this strategy by learning the value of moves through playing over the Internet ⇒ Sim and Sim+ are ultra-strongly solved.

Definition 6 Sim_n:

G = K_{Ramsey(}n,n_), A = Kn played on G_{Avoid-Ramsey}.

Problem: Despite much effort, only Ramsey(4,4) = 18 is known so far (conjecture [40] Ramsey(5,5) =? 43 . . . ).

Let us consider the game Sim4 played on a game board G having^{(18}_2^) = 153 edges, the graph A to avoid being a tetrahedron. Unfortunately, we found that the number of non-isomorphic game positions in Sim4 is around 1054.

⇒ There is not much hope to even weakly solve any game Simn and even less so any game Sim+n with n ≥ 4.

The difficulty of games: another view

Problem: PSPACE-completeness is a very coarse instrument to measure the difficulty of combinatorial games: no statement about particular instances are possible.

⇒ time-bounded Kolmogorov complexity of combinatorial game instances:

Definition 7 The time bounded Kolmogorov com-

plexity KtG of a game instance x (for example, x = G_{Avoid-Ramsey}(G, A, Er_0, Eg_0 )) is defined by

KtG(x)^{def}= minp sup y ϵ s(x) inf s(x) {l(p) + t(p, y)}, where p is a program of length l(p) that runs on input y (e.g., y = (Eri , Egi )) in t(p, y) steps on a universal Turing machine U. U has the three halting states win, loss, � and draw such that the halting state of U(p, y) = x(y) is the answer of the decision problem for the first player in situation y of game x. The (not unique) sets s(x) are recursively defined as follows: s(x)^{def}= ∞_⋃ i=0 Fi, F_0^{def}= {y_0}, where y_0 denotes the initial situation of x (in the example, y_0 = (Er_0, Eg_0 )), and

Fi_{+1}^{def}=^⋃ y ∈F_i N(y) �

N(y)^{def}=

{} if G({y}) = {} ∨ G(G({y})) = {} Y ′′ ⊆ G(G({y})) otherwise, where ∃ y′ ∈ G({y}) | x(y′) = x(y) ∧ ∀ y′′ ∈ G({y}), y′′ ∈ Y ′′ where

G(Y )^{def}= {y′ | ∃ y ∈ Y such that y′ is reachable in one move from y}.

Conjecture 1 KtG(Sima) ≪ KtG(Sim) < KtG(Sim^+) ≪ KtG(Sim^4)

Conjecture 2 Graph Ramsey games played on

(G, A, {}, {}) are PSPACE-complete.

Conjecture 3 Graph Ramsey achievement games played

on (Kn, A, Er, Eg) are tractable.

Conjecture 4 Graph Ramsey avoidance games played on (Kk, Kn, Er, Eg) where k ≥ Ramsey(n, n) are PSPACE-complete.

Conjecture 5 The graph Ramsey avoidance games played

on (K_{Ramsey(}n,n_), Kn, {}, {}) are 2-EXPSPACE-complete.

Conjecture 6 The high-score handling between the server

and an unknown remote client can be made tamper-proof for all practical purposes with respect to client-cheating by an appropriate randomized algebraic protocol.

Further remarks • The proof of the complexity of G_{Avoid-Ramsey}+ is, to our best knowledge, the first PSPACE-completeness proof for a problem where the number of decisions that can be taken at each alternation is not predetermined.

• Our results can be applied to a number of known abstract and practical problems (detailed in the paper).

• Sim and Sim+ are to be integrated in a role-playing game ⇒ “cheats” will be made impossible.

• Please try out our applet that plays Sim and Sim+ on http://www.dbai.tuwien.ac.at/proj/ramsey/ so that it can continue to become even better.

The complexity of graph Ramsey achievement and avoidance games (Wolfgang Slany) 25

References

[1] Allis, Louis Victor. 1994. Searching for solutions in games and artificial intelligence. Ph.D. thesis, University of Limburg.

ftp://ftp.cs.vu.nl/pub/victor/PhDthesis/thesis.ps.Z.

[2] Beck, J., & Csirmaz, L. 1982. Variations on a game. Journal of Combinatorial Theory, Series A, 33, 297–315. [3] Beck, József. 1981. Van der Waerden and Ramsey type games. Combinatorica, 1(2), 103–116. [4] Beck, József. 1983. Biased Ramsey type games. Studia Scientiarum Mathematicarum Hungarica, 18, 287–292. [5] Burr, Stefan A. 1987. What can we hope to accomplish in generalized Ramsey theory? Discrete Mathematics, 67, 215–225.

[6] Cameron, Peter J. 1994. Combinatorics: topics, techniques, algorithms. Cambridge University Press. [7] Cook, Michael L., & Shader, Leslie E. 1979. A strategy for the Ramsey game “Tritip”. Pages 315–324 of: Proc. 10th southeast. Conf. Combinatorics, Graph Theory and Computing, Boca Raton. Congr. Numerantium 23, vol. 1.

[8] Cornelius, Michael. 1991. What’s your game? Cambridge University Press.

[9] DeLoach, A. P. 1971. Some investigations into the game of SIM. J. Recreational Mathematics, 4(1), 36–41. [10] Deuber, W. 1975. A generalization of Ramsey’s theorem. Pages 323–332 of: Hajnal, A., Radó, R., & Sós, V.T. (eds), Infinite and finite sets. Colloq. Math. Soc. János Bolyai, vol. 10. North-Holland.

[11] Diestel, Reinhard. 1997. Graph theory. Graduate Texts in Mathematics, vol. 173. Springer. [12] Eiter, Thomas, & Gottlob, Georg. 1993. Propositional circumscription and extended closed-world reasoning are ΠP_2 - complete. Theoretical Computer Science, 114(2), 231–245.

[13] Eiter, Thomas, & Gottlob, Georg. 1995. The complexity of logic-based abduction. Journal of the ACM, 42(1), 3–42. [14] Engel, Douglas. 1972. DIM: three-dimensional Sim. J. Recreational Mathematics, 5, 274–275. [15] Erdős, P., & Selfridge, J. L. 1973. On a combinatorial game. Journal of Combinatorial Theory, Series A, 14, 298–301.

(The self-reference on the paper falsely claims it is in Series B).

[16] Erdős, P., & Szekeres, D. 1935. A combinatorial problem in geometry. Compos. Math., 2, 463–470. [17] Erdős, Pál, Hajnal, András, & Pósa, Latjos. 1975. Strong embeddings of graphs into colored graphs. Pages 585–595 of:

Hajnal, A., Radó, R., & Sós, V.T. (eds), Infinite and finite sets. Colloq. Math. Soc. János Bolyai, vol. 10. North-Holland. [18] Even, S., & Tarjan, R. E. 1976. A combinatorial problem which is complete in polynomial space. Journal of the ACM, 23, 710–719. Also appeared in Proc. 7th Ann. ACM Symp. Theory of Computing (Albuquerque, NM, 1975), Assoc. Comput. Mach., New York, NY, 1975, pp. 66–71.

[19] Exoo, Geoffrey. 1980-81. A new way to play Ramsey games. J. Recreational Mathematics, 13(2), 111–113.

The complexity of graph Ramsey achievement and avoidance games (Wolfgang Slany) 26

[20] Fraenkel, A. S., & Lichtenstein, D. 1981. Computing a perfect strategy for n × n Chess requires time exponential in n.

Journal of Combinatorial Theory, Series A, 31, 199–214. Preliminary version in Proc. 8th Internat. Colloq. Automata, Languages and Programming (S. Even and O. Kariv, eds.), Acre, Israel, 1981, Lecture Notes in Computer Science 115, 278–293, Springer Verlag, Berlin.

[21] Fraenkel, A. S., Garey, M. R., Johnson, D. S., Schaefer, T., & Yesha, Y. 1978 (Oct.). The complexity of Checkers on

an n × n board — preliminary report. Pages 55–64 of: Proc. 19th Ann. Symp. Foundations of Computer Science. IEEE

Computer Soc., Long Beach, CA, Ann Arbor, MI.

[22] Fraenkel, Aviezri S. 1991. Complexity of games. Pages 111–153 of: Guy, Richard K. (ed), Combinatorial Games.

Proceedings of Symposia in Applied Mathematics, vol. 43. American Mathematical Society.

[23] Fraenkel, Aviezri S. 1994 (revised 1996). Dynamic surveys in combinatorics: Combinatorial games: Selected bibliography with a succinct gourmet introduction. Electronic Journal of Combinatorics. http://www.combinatorics.org/ Surveys/ds2.ps.

[24] Funkenbusch, W. W. 1971. SIM as a game of chance. J. Recreational Mathematics, 4(4), 297–298. [25] Gardner, Martin. 1973a. Mathematical games. Scientific American, 228(1), 108–115. [26] Gardner, Martin. 1973b. Mathematical games. Scientific American, 228(5), 102–107.

[27] Gardner, Martin. 1986. Knotted doughnuts and other mathematical entertainments. W. H. Freeman and Company.

Chap. 9, pages 109–122.

[28] Garey, Michael R., & Johnson, David S. 1979. Computers and intractability: A guide to the theory of NP-completeness.

Freeman and Co.

[29] Goldwasser, Shafi, Micali, Silvio, & Rackoff, Charles. 1989. The knowledge complexity of interactive proof systems.

SIAM J. Comput., 18(1), 186–208. An extended abstract appeared in STOC 1985, 291–304. [30] Gottlob, Georg. 1992. Complexity results for nonmonotonic logics. Journal of Logic and Computation, 2(3), 397–425. [31] Graham, Ronald L., Rothschild, Bruce L., & Spencer, Joel H. 1990. Ramsey theory. 2nd edn. Wiley. [32] Guy, Richard K. 1991. What is a game? Pages 1–21 of: Guy, Richard K. (ed), Combinatorial Games. Proceedings of Symposia in Applied Mathematics, vol. 43. American Mathematical Society.

[33] Hajnal, A., & Nagy, Zs. 1984. Ramsey games. Transactions of the American Mathematical Society, 284(2), 815–827. [34] Harary, Frank. 1982. Achievement and avoidance games for graphs. Pages 111–119 of: Bollobás, Béla (ed), Proceedings of the Conference on Graph Theory. Ann. Discrete Math., vol. 13. Cambridge: North-Holland, mathematics studies 62.

[35] Knor, Martin. 1996. On Ramsey-type games for graphs. Australasian J. Comb., 14, 199–206. [36] Komjáth, Péter. 1984. A simple strategy for the Ramsey-game. Studia Scientiarum Mathematicarum Hungarica, 19, 231–232.

The complexity of graph Ramsey achievement and avoidance games (Wolfgang Slany) 27

[37] Levin, Leonid A. 1973. Universal search problems. Problemy Peredaci Informacii, 9, 115{116 (in Russian). English translation in Problems of Information Transmissions, 9(3), 265–266.

[38] Li, Ming, & Vitányi, Paul. 1997. An introduction to Kolmogorov complexity and its applications. 2nd edn. Springer. [39] Lichtenstein, D., & Sipser, M. 1980. Go is polynomial-space hard. J. Assoc. Comput. Mach., 27, 393–401. Earlier draft appeared in Proc. 19th Ann. Symp. Foundations of Computer Science (Ann Arbor, MI, Oct. 1978), IEEE Computer Soc., Long Beach, CA, 1978, 48–54.

[40] McKay, B. D. 1998. Isomorph-free exhaustive generation. J Algorithms, 26, 306–324.

http://cs.anu.edu.au/∼bdm/papers/orderly.ps.gz.

[41] McKay, Brendan, & Radziszowski, Stanislaw. 1997. Subgraph counting identities and Ramsey numbers, to the fond memory of Paul Erdős. Journal of Combinatorial Theory, Series B, 69, 193–209. http://cs.anu.edu.au/∼bdm/papers/r55.ps.gz.

[42] Mead, Ernest, Rosa, Alexander, & Huang, Charlotte. 1974. The game of SIM: A winning strategy for the second player.

Mathematics Magazine, 47(5), 243–247.

[43] Moore, Thomas E. 1987. SIM on a microcomputer. J. Recreational Mathematics, 19(1), 25–29. [44] Nairn, John H., & Sperry, A. B. 1973. SIM on a desktop calculator. J. Recreational Mathematics, 6(4), 243–251. [45] Nešetřil, Jaroslav. 1995. Ramsey theory. Chap. 25, pages 1331–1403 of: Graham, R.L., Grötschel, M., & Lovász, L.

(eds), Handbook of Combinatorics. Elsevier.

[46] O’Brian, G. L. 1978-79. The graph of positions in the game of SIM. J. Recreational Mathematics, 11(1), 3–9. [47] Papadimitriou, Christos H. 1985. Games against Nature. Journal of Computer and System Sciences, 31, 288–301. [48] Papadimitriou, Christos H. 1994. Computational complexity. Addison-Wesley.

[49] Pekeč, Aleksandar. 1996. A winning strategy for the Ramsey graph game. Combinatorics, Probability & Computing, 5(3), 267–276. http://dimacs.rutgers.edu/techps/1995/95-10.ps.gz.

[50] Radziszowski, Stanislaw. 1997. Dynamic surveys in combinatorics: Small ramsey numbers. Electronic Journal of Combinatorics. http://www.combinatorics.org/Surveys/ds1.ps.

[51] Ramsey, Frank P. 1930. On a problem of formal logic. Proc. London Math. Soc., 30(2), 264–286. Reprinted in I. Gessel and G.-C. Rota, editors. Classic Papers in Combinatorics. Pages 2–24. Birkhäuser Boston 1987.

[52] Rödl, Vojtech. 1973. A generalization of Ramsey theorem and dimension of graphs. MSc thesis, Charles University, Prague.

[53] Rounds, E. M., & Yau, S. S. 1974. A winning strategy for SIM. J. Recreational Mathematics, 7(3), 193–202. [54] Schaefer, Marcus. 1999 (May). Graph Ramsey theory and the polynomial hierarchy. In: Proc. 31st ACM Symposium on Theory of Computing (STOC). SIGACT (the ACM Special Interest Group on Algorithms and Computation Theory), Atlanta, Georgia. http://www.cs.uchicago.edu/publications/tech-reports/TR-98-04.ps.

The complexity of graph Ramsey achievement and avoidance games (Wolfgang Slany) 28

[55] Schaefer, Thomas J. 1978. On the complexity of some two-person perfect-information games. Journal of Computer and System Sciences, 16(2), 185–225.

[56] Schaeffer, Jonathan, & Lake, Robert. 1996. Solving the game of Checkers. Pages 119–133 of: Nowakowski, Richard J.

(ed), Games of No Chance. Mathematical Sciences Research Institute Publications, vol. 29. Cambridge University Press. http://www.msri.org/publications/books/Book29/files/schaeffer.{ps.gz|pdf}.

[57] Schwartz, Benjamin L. (ed). 1979. Mathematical solitaires and games. Farmingdale, NY: Baywood Publishing Company.

Pages 37–81.

[58] Schwartz, Benjamin L. 1981-82. SIM with non-perfect players. J. Recreational Mathematics, 14(4), 261–265. [59] Seress, Ákos. 1992. On Hajnal’s triangle-free game. Graphs and Combinatorics, 8, 75–79. [60] Shader, Leslie E. 1978. Another strategy for SIM. Mathematics Magazine, 51(1), 60–64. [61] Shamir, A. 1990. IP = PSPACE. Pages 11–15 of: Proc. 31st IEEE Symp. on the Foundations of Computer Science. [62] Simmons, Gustavus J. 1969. The game of SIM. J. Recreational Mathematics, 2(2), 66.

[63] Slany, Wolfgang. 1988 (Jan.). HEXI: A happy perfect hexagone player. Tech. rept. 31. Institut für Statistik und Informatik der Universität Wien. MS-Dos executable: http://www.dbai.tuwien.ac.at/ftp/user/slany/hexi87.tgz.

[64] Slany, Wolfgang. 1999. The complexity of graph Ramsey games. Tech. rept. DBAI-TR-99-25. Institut für Informationssysteme der Technischen Universität Wien. http://www.dbai.tuwien.ac.at/ftp/papers/slany/dbai-tr-99-25.{ps|.ps.gz}.

[65] Tucker, Alan. 1995. Applied combinatorics. 3rd edn. Wiley.

[66] Yagiura, Mutsunori. 1998. Challenging Ramsey numbers with metaheuristics (in Japanese). LA Symposium Kaishi, 31(July), 19–24.

[67] Zhu, Bidan. 1997. Ramsey theory illustrated through a Java based game that plays heuristically and can learn in a client-server style or optimally if possible. Diplomarbeit (≃ MSc thesis), Technische Universität Wien. Java applet: http://www.dbai.tuwien.ac.at/proj/ramsey/.