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Abstract. Argumentation frameworks with collective attacks are a prominent extension of
Dung’s abstract argumentation frameworks, where an attack can be drawn from a set of
arguments to another argument. These frameworks are often abbreviated as SETAFs. Al-
though SETAFs have received increasing interest recently, the notion of strong equivalence,
which is fundamental in nonmonotonic formalisms to characterize equivalent replacements,
has not yet been investigated. In this paper, we study how strong equivalence between
SETAFs can be decided with respect to the most important semantics and also consider
variants of strong equivalence.
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1 Introduction

Abstract argumentation frameworks (AFs) as introduced by Dung [6] are a core formalism in
formal argumentation. A popular line of research investigates extensions of Dung AFs that allow
for a richer syntax (see, e.g. [5]). In this work we consider SETAFs as introduced by Nielsen and
Parsons [12] which generalize the binary attacks in Dung AFs to collective attacks such that a
set of arguments B attacks another argument a but no proper subset of B attacks a. As discussed
in [12], there are several scenarios where arguments interact and can constitute an attack on another
argument only if these arguments are jointly taken into account. Representing such a situation in
Dung AFs often requires additional artificial arguments to “encode” the conjunction of arguments.

SETAFs have received increasing interest in the last years. For instance, semi-stable, stage,
ideal, and eager semantics have been adapted to SETAFs in [8, 10]; translations between SETAFs
and other abstract argumentation formalisms are studied in [14]; and the expressiveness of SETAFs
is investigated in [7]. Yun et al. [17] observed that for particular instantiations, SETAFs provide a
more convenient target formalism than Dung AFs.

The notion of strong equivalence is recognized as a central concept in nonmonotonic reason-
ing [11, 16, 15] and provides means for the replacement property. In terms of AFs, strong equiv-
alence (with respect to a semantics o) between two frameworks F' and G holds, if for any further
AF H,o(F U H) = o(G U H). Hence, replacing a subframework F' by a strongly equivalent AF
G in any context does not alter the extensions. In other words, the notion of strong equivalence
allows for simplifying a part of an argumentation framework without looking at the rest of the
framework; a method that has been recently applied in a practical setting in terms of preprocessing
Dung AFs [9].

For Dung AFs, strong equivalence and variants thereof have been extensively studied in the
literature [13, 1, 3, 2, 4]. The main results reveal that strong equivalence can be decided by syn-
tactic identity of so-called kernels of the AFs to be compared. In these kernels, depending on the
actual semantics, certain inactive attacks need to be removed. Up to date, similar investigations for
SETAFs have not been undertaken and it remained open how the concept of inactive attacks can
be generalized to the richer attack structure SETAFs provide.

In this paper, we provide characterizations of strong equivalence between SETAFs with re-
spect to admissible, complete, stable, preferred, semi-stable and stage semantics. We do so by
generalizing the notion of kernels to SETAFs. Moreover, we show that strong equivalence for the
semantics under consideration coincides with weaker notions of equivalence, where we disallow
certain context frameworks /1 in the definition of the equivalence relation. Our results confirm that
SETAFs are a natural generalization of AFs in the sense that the appealing concept of kernels also
is applicable to SETAFs.

Some proofs are omitted in the main part of the paper but full proofs are provided in a technical
appendix (see Appendix A).



2 Preliminaries

Throughout the paper, we assume a countably infinite domain 2 of possible arguments.

Definition 1. A SETAF is a pair F = (A, R) where A C 2 is finite, and R C (24\ {0}) x A is the
attack relation. SETAFs (A, R), where for all (S, a) € R it holds that |S| = 1, amount to (standard
Dung) AFs. In that case, we usually write (a,b) to denote the set-attack ({a},b). Moreover, for a
SETAF F = (B, S), we use A(F) and R(F) to identify its arguments B and respectively its attack
relation S.

Given a SETAF (A, R), we write S g b if there is a set S’ C S with (S’,b) € R. Moreover,
we write S' — g Sif ' g b for some b € S. We drop subscript R in — g if there is no ambiguity.
For S C A, we use S}, to denote the set {b | S — g b} and define the range of S (w.r.t. R), denoted
S%, as the set S U S}

The notions of conflict and defense naturally generalize to SETAFs.

Definition 2. Given a SETAF F = (A, R), a set S C A is conflicting in F' if S g a for some
a € S. Aset S C Aisconflict-free in F, if S is not conflicting in F, i.e. if S" U {a} € S for each
(5", a) € R. ¢f(F) denotes the set of all conflict-free sets in F.

Definition 3. Given a SETAF F = (A, R), an argument a € A is defended (in F') by a set S C A
if for each B C A, such that B g a, also S —gr B. A setT" of arguments is defended (in F') by
S'ifeach a € T is defended by S (in F).

The semantics we study in this work are the admissible, stable, preferred, complete, stage and
semi-stable semantics, which we will abbreviate by adm, stb, pref, com, stage and sem respec-
tively [12, 8, 10].

Definition 4. Given a SETAF F' = (A, R) and a conflict-free set S € cf(F). Then,
S € adm(F), if S defends itself in F,

S estb(F), if S—aforallae A\ S,

S € pref(F), if S € adm(F') and there isno T € adm(F) s.t. T O S,
S € com(F), if S € adm(F) and a € S for all a € A defended by S,
S € stage(F), if }T € ¢f(F) with TS O S5, and

S € sem(F), if S € adm(F) and 3T € adm(F) s.t. T}, D S§.

The relationship between the semantics has been clarified in [12, 8, 10] and matches with the
relations between the semantics for Dung AFs, i.e. for any SETAF F:

stb(F') C sem(F') C pref(F) C com(F) C adm(F) C cf(F) (1)

sth(F') C stage(F') C c¢f(F). )

The following property also carries over from Dung AFs: For any SETAF F, if stb(F) # ()
then stb(F') = sem(F') = stage(F).



3 Notions of Strong Equivalence and Basic Concepts

We define the notion of strong equivalence for SETAFs along the lines of [13]. Given SETAFs
F, G we define the union of F'and G as F'U G=(A(F) U A(G), R(F) U R(Q)).

Definition 5. Two SETAFs F' and G are strongly equivalent to each other wrt. a semantics o, in
symbols F =7 G, iff for each SETAF H, o(F' U H) = o(G U H) holds.

By definition, we have that F' =7 G implies o(F') = o(G), i.e. standard equivalence between
F and G wrt. 0. However, no matter which of the considered semantics we choose for o, the
converse direction does not hold in general (cf. [13]).

We consider two weakenings for Definition 5 by restricting the potential context SETAF H.
First, we let H to be only an AF instead of a SETAF. We consider this an interesting restriction in
the sense of whether an AF is sufficient to reveal the potential difference between the compared
SETAFs in terms of strong equivalence. Another weakening has first been proposed in [1] under
the name normal expansion equivalence. Here the framework H is not allowed to add attacks
between “existing” arguments (in F' or (), and thus better reflects that in dynamic scenarios new
arguments may be proposed but the relation between given arguments remains unchanged.

Definition 6. Let F' and G be SETAFs and o be a semantics. Moreover, let B = A(F) U A(QG).
We write

o [ =7 G, iff for each SETAF H with R(H)N (28 x B) =0, s(FUH) = oc(GUH).
o ['=%, G, iffforeach AF H, c(FUH) =o(GU H).
o F'=7,G, iff foreach AF Hwith R(LH)N (B x B) =0, o(FUH) =0(GUH).

Results for strong equivalence between AFs (i.e. =7, in our notation) rely on so-called kernels
that remove attacks that do not contribute to the computation of the extensions of an AF F', no
matter how the AF is extended to F' U H. This is best illustrated in terms of stable semantics.
Consider an attack (a, b) where a is self-attacking. Then, removing (a, b) from the attacks has no
effect since (i) the conflicts remain the same (note that a is never part of a conflict-free set, due to
the self-attack), (ii) if b needs to be attacked by a stable extension, this cannot happen due to attack
(a,b) (again, since a will never part of a stable extension due to its conflict). In [13], it has been
shown that removal of such inactive attacks is sufficient to decide strong equivalence w.r.t. stable
semantics: given an AF F, define its stable kernel as

F** = (A(F), R(F)\ {(a,b) € R(F) [ a # b, (a,a) € R(F)}).

For AFs F, G it holds that F' =9, G iff F'** = G**. For other semantics, the notion of kernel needs
to be further restricted; intuitively, an attack (a, b) with self-attacking a might still be responsible
for defending b against a.

However, as we will show in the next section, kernels can be defined for SETAFs as well.
Before doing so, we first consider the concept of redundant attack and show that they are also

redundant when testing for strong equivalence. Then, we generalize the concept of inactive attacks
to SETAFs.
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Figure 1: A SETAF F with active attack ({a,b}, ¢) and inactive attack ({a, b, c},d) and a SETAF G with
active self-attack ({a, b}, a) and inactive self-attack ({a, b, c}, ¢).

Definition 7. Let F' = (A, R) be a SETAF. An attack (S,a) € R is called redundant in F' if there
exists (S',a) € Rwith S" C S.

As shown in [14] we can remove redundant attacks of SETAF F' without changing its seman-
tics. When removing all redundant attacks from F' the resulting SETAF G is called minimal form
of F'.

Lemma 1. For a SETAF F and its minimal form G we have F' =7 G for o € {adm,stb,
pref, com, stage, sem}.

Proof. Let R be the set of redundant attacks in F' and consider an arbitrary SETAF /. The attacks
in R are also redundant in the SETAF F' U H and thus, by [14]', o(FU H) = o((FUH)\ R) =
o(GUH).Now as o(FUH)=0(GU H) for each SETAF H we obtain that F' =7 G. O

We have that two SETAFs are strongly equivalent iff their minimal forms are strongly equiva-
lent. Thus in the remainder of the paper we will assume that SETAFs tested for strong equivalence
are in minimal form, i.e. have no redundant attacks.

A crucial role in the definition of kernels plays the concept of an inactive attack which we
define right now.

Definition 8. Let ' = (A, R) be a SETAF. An attack (S, a) € R is called inactive in F' if (i) a ¢ S
and there exist 8" C S and b € S such that (S',b) € R, or (ii) a € S and there exist S'" C S and
b € S such that (S’,b) € R. An attack that is not inactive in F' is said to be active in F.

Figure 1 illustrates the different notions of inactive attacks. An example of an inactive attack
according to case (i) in Definition 8 is given by the SETAF F’; here, the source-set S = {a, b, c}
is conflicting and attacks an argument d ¢ S. Case (ii) covers inactive self-attacks; note that in
this case, the set S’ is required to be a proper subset of S. This subtile difference ensures the
existence of active self-attacks since the source-set of each self-attack is conflicting by definition.
The SETAF G in Figure 1 provides an example; here, the active self-attack ({a, b}, a) deactivates
the self-attack ({a, b, c}, c). Note that in terms of AFs Definition 8 boils down to the situation
discussed above for binary attacks (a,b) with a # b: ({a},b) is inactive iff a attacks itself. We
conclude this section with a technical result.

I'sem and stage are not considered in [14] but the result immediately extends to those semantics.
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Lemma 2. Let F' = (A, R) be a SETAF and (S,a) € R be inactive in F. Then there exists an
attack (S',b) € Rwith S’ C S and b € S that is active in F.

Proof. Towards a contradiction let (S,a) € R be an attack violating the condition of the lemma
such that all inactive attacks (7,b) € R with |SU{a}| > |T'U {b}| satisfy the condition, i.e. (.5, a)
is minimal in this respect. By inactivity of (S, a) either (i) a ¢ S and there exist S’ C Sand b € S
such that (S’,b) € R, or (ii) a € S and there exist S’ C S and b € S such that (S’,b) € R. By
assumption, (S’, b) is inactive in F.

In case (i) we have |S’ U {b}| < |S U {a}|, and, by the minimality of (S, a), we obtain that
there is an active attack (S”,c) € Rwith S” C S"C Sandce §' C S.

The same reasoning applies in case (ii) if |S"U{b}| < |SU{a}|. Thus assume that | S’ U{b}| =
|SU{a}],ie. 8" =S\ {b}, b€ S. By assumption (5’, b) is inactive and thus there exist S” C 5,
c € S"such that (S”,¢) € R. Butthen |S” U{c}| < |SU{a}| and, by the minimality of (5, a), we
obtain that there is an active attack (S, d) € Rwith S C S” C Sandd € " C S. O

4 Characterizations of Strong Equivalence

In this section we characterize strong equivalence as well as its variants (cf. Definition 6) for all
semantics under consideration by introducing three different kernels for the different semantics.
We will show that two SETAFs are strongly equivalent iff they have the same kernel of a partic-
ular type. We start with the result for stable and stage semantics. In the corresponding kernel all
inactive attacks have to be removed. For the two remaining kernels, the situation is slightly differ-
ent and towards our results for admissible, semi-stable, preferred, and complete semantics we will
introduce an additional normal form for SETAFs to handle this situation.

4.1 Stable Kernel

The main idea of the stable kernel is that for stable semantics only active attacks are relevant.
However, for self-attacks (i.e. attacks (S, a) such that a € S) additional care is needed, since
self-attacks (S, a) and (.S,b) turn out to be indistinguishable. This is due to the fact that self-
attacks never contribute to the range of a stable extension and thus only the information that the
set S is conflicting is relevant. For example consider the SETAFs F' = ({a, b}, {({a,b},a)}) and
G = ({a,b},{({a,b},b)}). The two SETAFs have different active attacks but as we argue next,
F =% G holds. Let H be an arbitrary SETAF and let S € sth(F U H). Then S cannot contain
both a and b. If a, b ¢ S, then S attacks (in F'U H) both a and b via attacks in H. Otherwise, wlog
let a € S. Then S attacks b via an attack in H. In both cases S is stable in G U H. That is, for
active self-attacks (S, a) only the set S but not the concrete attacked argument a € S is significant.
For conflicting S, we thus add (S, b) for all b € S to the kernel.

Definition 9. For a SETAF F' = (A, R) in minimal form, we define the stable kernel of F as
Fsk = (A, R%) with

R* = {(S,a) € R| (S, a) active in F} U {(S,b) | (S, a) active in F,a € S,b € S}.
The stable kernel of an arbitrary SETAF F' is the stable kernel of the minimal form of F'.
6
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SETAF F' SETAF [

Figure 2: Example illustrating the stable kernel of a SETAF F'. Active attacks in blue; inactive in red. Newly
introduced self-attacks appear in green.

In a first step we show that the stable, and stage respectively, extensions of a SETAF I’ coincide
with the stable, and stage respectively, extensions of its stable kernel F'**. The following result
suffices in this endeavor.

Lemma 3. For any SETAF in minimal form F (1) ¢f(F) = cf(F**) and (2) for each S € cf(F),
Sg = 5%
( Fsk

Proof. (1) cf(F) C ¢f(F**): Consider T € ¢f(F) and towards a contradiction assume 7" & cf( F'*%).
Thus there is (S,b) € R** such that S U {b} C T. If (S, b) would be an active attack in F then
T & ¢f(F') and thus we have that b € S and there is an a € S such that (S,a) € R(F). As S C T
this is in contradiction to our initial assumption T' € ¢f(F). For ¢f(F) 2 cf(F**), let T € cf(F*")
and (S, a) be any attack in F that is not present in £'*. We have to show that S U {a} Z T'. From
Lemma 2 there exists (S’,b) € R with S’ C S and b € S that is active in F and thus contained in
R(F**). Since T' € cf(FSk) S"U{b} € T and SU {a} € T follows.
(2)Let S € ¢f(F). S R( F) 2 Sg( pory Notice that no attack in the set {(S,b) | (S,a) active in F,
a € S,b € S} contributes to the range of a conflict-free set and as R( ) D R\ A{(S,b) |
(S,a) activein F,a € S,b € S} we obtain that Sy 2 Sg pury- For Sy © S5 . let (S, a)
be any attack in F' that is not present in F'**, i.e. (S, a) is inactive in F. As (S, ) 18 inactive we
have that S” Z S and thus the attack does not contribute to the range of .S.
U

Given the above semantical correspondence between SETAFs and their kernels we show that
SETAFs with the same kernel are strongly equivalent on a purely syntactic level. That is, we show
that if two SETAFs F, G have the same stable kernel then also their expansions with the same
SETAF H have the same kernel.

Lemma 4. Let I and G be SETAFs in minimal form such that F'** = G**. Then, (F U H)%* =
(GU H)** for all SETAFs H.

Proof. Notice, that F' U H (and likewise G U H) might not be in minimal form. However, by
definition, we remove redundant attacks before constructing the kernel. It suffices to show R((F'U
H)**) C R((G U H)**) as R(F U H)**) D R((G U H)**) then follows by symmetry. Let
(S,a) € R((F U H)®*). We show that (S, a) € R((G U H)**) by considering two cases.

7



1) Assume that (S,a), a ¢ S, is active and non-redundant in /' U H, i.e. there is no attack
(S',b) € R(FUH) such that 1) " € S, b € SU {a} and (S,a) # (5,b). We show that
(S, a) is active and non-redundant in G U H, i.e. (a) (S,a) € R(G U H) and (b) there is no attack
(S',b) € R(I), I € {H,G} which satisfies (i). (a) If (S,a) € R(H), then (S,a) € R(G U H) by
definition. Otherwise, if (S,a) € R(F'), then, as the attack is active and non-redundant, we can
conclude that (S,a) € R(F**) = R(G**) and thus (S,a) € G U H. (b) For R(H) this holds by
the fact that there is no such attack in R(F U H). Notice that as there is no such attack in R(F')
there is also no such attack in R(F**) = R(G**). Towards a contradiction assume that there is
an attack (S’,0) € R(G) satisfying (i). Then, by Lemma 2, there is an active attack (7', ¢) with
T C & satisfying (i). Thus (T,c) € R(G**) = R(F**) and thus (S, a) ¢ R(G**) = R(F**), a
contradiction. By (a) and (b) we can conclude that (S, a) € R((G U H)*).

2) Assume that (S, a) is such that a € S and there is a non-redundant active attack (5, b) €
R(F U H) withb € S. If (S,b) € R(F) then, by the assumption F'** = G**, there is an active
and non-redundant attack (S,c¢) € R(G) with ¢ € S. Now, as (S5,b) is active in F' U H, there
isno (S',d) € R(H) with S’ C S and d € S and thus (S5, c) is active in F' U H. Hence,
(S,a) € R((GU H)*).

Now assume there is no such (S,b) € R(F'). Then (S,b) € R(H) and thus (S,b) € R(GUH).
Towards a contradiction assume (., b) is redundant or inactive.

e If (S5, b) is redundant, i.e. there is 5" C S with (S,b) € R(GUH ) and (5’, b) non-redundant.
As (S, b) is non-redundant in /' U H we have that (5’,b) € R(G). If (S',b) is inactive in
G then there is an attack (S”, c) with S” U {c} C S active in G. By F** = G**, there is
an active attack (S”,d) in F' with S” U {d} = S” U {c}. But now again (.5, ) is inactive
in /' U H, a contradiction. Otherwise if (', b) is active in G then, by F** = G**, there is
an active attack (S”,c¢) in F' with S” U {c¢} = S” U {b}. Hence (S5, b) is inactive in F, a
contradiction.

e If (S,0) is inactive, i.e. thereis S' C S,c € S with (5',¢) € R(GU H) and (5, ¢) active.
As (S, b) is active in F'U H we have that (S',a) € R(G). By F** = G**, there is an active
attack (S”,d) in F' with S” U {d} = 5" U {c}. Thus (S, b) is inactive in F, a contradiction.

We obtain that (S, b) is active and non-redundant and thus (S,a) € R((G U H)®*). O

While the previous lemmas enable us to show that two SETAFs with the same kernel are
strongly equivalent it remains to show that this condition is necessary. We do so in the next the-
orem by providing constructions for a (SET)AF H that shows that two SETAFs are not strongly
equivalent if they have different kernels. Moreover, we extend our results to the other notions of
equivalence.

Theorem 1. For any AFs F and G and o € {stb, stage} the following are equivalent: (a) F' =7 G;
(b) F =5 G, (c) F =9, G; (d) F =2, G, (e) F*% = G**.

Proof. By definition (a) implies (b) and (c). Likewise, (b) implies (d) and (c) implies (d). It remains
to show (1) F** = G** implies F' =7 G and (2) F'** # G** implies F' #9, G. By Lemma 1 we
can assume that /" and GG are in minimal form.



(1) Suppose F** = G** and let H, S such that S € o(F U H). We show S € o(G U H). By
Lemma 3, S € o((FU H)**) and we get S € o((G U H)**) from Lemma 4. Thus, S € o(GUH),
again by Lemma 3. By symmetry and definition of strong equivalence, we get F' =7 G.

(2) First, we consider the case A(F**) # A(G*F). This implies A(F) # A(G). W.Lo.g. let
a € A(F)\ A(G). Weuse B = (A(F) U A(G)) \ {a}, and c as a fresh argument. Consider
H = (BU{c},{(c,b) | b € B}). Note that H is conform with the definition of =7, i.e. it is
a simple AF not changing the relation between existing arguments. Suppose now, a is contained
in some S € o(F U H). Then, we are done since a cannot be contained in any S’ € (G U H),
since a ¢ A(G U H). Otherwise, we extend H to H = H U ({a}, ). Then, {a, c} is the unique
stable extension (and thus unique stage extension) of G U H’. On the other hand, observe that
F U H' = F U H, hence by assumption, a is not contained in any S € o(F U H'). In both
cases, we get F' 27 GG. Now suppose A(F**) = A(G**) but R(F**) # R(G**). W.l.o.g. assume
there exists some (S,a) € R(F**)\ R(G**) such that there is no (S, a) € R(G**) with S’ C S
(otherwise exchange the roles of F' and G). We distinguish the two cases of attacks that constitute
the stable kernel: (1) (S,a) € Ris active in F' with a ¢ S; (2) (S, a) with a € S, such that there is
some (5, d) € R with d € S active in F'.

1) For fresh arguments c, t, we define H = (A(F) U {c,t}, Ry) with

Ry ={(t,¢), (c,)} U{(e,b) [ b e A(F)\ (SU{a})} U{(£,0) | be A(F)}.

First, by construction we have that {t} € stb(FUH ) and {t} € stb(GUH ) and thus stable and stage
semantics coincide in both /' U H and G U H. Thus we can restrict ourselves to stable semantics.
We have S U {c} € stb(F U H), since S U {c} is conflict-free and attacks all arguments b ¢ S
either collectively via S or via the newly introduced argument c. However, S U {c} & stb(G U H)
as by the assumption there is no (S’,a) € R(G**) with S’ C S and thus S U {c} does not attack a.

2) Notice that, by construction, whenever (S,a) € R(F**) then also (S,b) € R(F**) for all
b € S. W.l.o.g we can assume that there is no (S’,b) € R(G**) with S’ U {b} C S (otherwise we
exchange the roles of F and G as (S’,b) ¢ R(F**)). For a fresh argument ¢, we define

H = (A(F)U{c}t, {(c,0) | b e A(F)\ S5}).

We have S U {c} & stb(F U H) and S U {c} & stage(F U H), since (S, a) is a conflict within the
set S U {c}. However, for G U H we have that S U {c} is conflict free and attacks all argument
outside the set, i.e. S U {c} € stb(G U H) and thus also S U {c} € stage(G U H).

In both cases we have found a witness H for F' £, G. O
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Figure 3: Given that ({a, b}, ¢) is inactive it is equivalent to ({a, b, ¢}, ¢) for all semantics under our consid-
erations. We call the attack ({a, b, ¢}, ¢) in F reducible and G the normal form of F'.

4.2 SETAFs in Normal Form

We next turn to admissible based semantics, i.e. adm, com, pref, and sem semantics, and define the
respective kernels. While for stable semantics we can ignore inactive attacks they are significant
for admissible-based semantics as one has to defend arguments also against inactive attacks. We
first identify equivalent inactive attacks and introduce a corresponding normal form of SETAFs.

Definition 10. Let F' = (A, R) be a SETAF. We call an attack (S, a) with a € S reducible in F' if
there exists S' C S\ {a} and b € S such that (5',b) € R.

First note that a reducible attack (.S, a) is inactive since the set S is conflicting; thus S will never
appear in a conflict-free set 7. Moreover, each conflict-free set 7' which defends the argument a
attacks some argument in S\ {a}, otherwise 7" would be conflicting. We introduce a normal form
of a SETAF F which is given by its minimal form where each reducible attack (S, a) is replaced
by the attack (S \ {a}, a). Figure 3 shows a SETAF F' and its normal form G. Here, ({a,b, c},c)
is reducible in F'; the attack is replaced by ({a, b}, ¢) in G.

Definition 11. Let I’ = (A, R) be a SETAF. We define the normal form G of F' as the minimal
formof (A, RU{(S\ {a},a) | (S,a) reducible in F'}).

The next lemma states that replacing reducible attacks (S, a) with (S \ {a}, a) preserves the
semantics. The modification does not affect conflict-free sets; furthermore, the argument a is
defended by the same conflict-free sets in both SETAFs F' and its normal form G. Moreover,
modifying inactive attacks does not affect stable and stage extensions. This follows directly from
Lemma 3 and the fact that inactive attacks are deleted in the stable kernel.

Lemma 5. Let F = (A, RU{(S,a)}) and let (S, a) be reducible in F. Let G = (A, RU{(S\
{a},a)}). Then o(F') = o(QG) for o € {adm, pref, sem, com, stb, stage}.

It follows that each SETAF F' and its normal form G are also strongly equivalent. Indeed,
consider an extension /' U [ where H is arbitrary. The repetitive application of Lemma 5 yields
o(FUH)=0(GU H) for all considered semantics o.

Proposition 1. For a SETAF F and its normal form G, F =% G for o € {adm,pref,
sem, com, stb, stage}.

10
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Figure 4: Complete and the admissible kernel of a SETAF F'. Active attacks in blue. Inactive in red.

4.3 Admissible & Complete Kernel

We start this section by introducing the kernel for complete semantics. The complete kernel ¥
consists of all active attacks and inactive attacks (.5, a) such that a is not attacked by any S’ C
S U {a}. Notice that whenever there is such an attack (5, a) the argument « is only defended by
a complete extension £ if F attacks S’ \ {a} and thus also S, i.e. whenever a is defended against
(S, a) it is also defended against (S, a). We thus do not include such attacks (S, a) in the kernel.
It turns out that all the remaining inactive attacks influence whether the argument « is defended by
a set £ or not for certain expansions /.

Definition 12. For a SETAF F' = (A, R) in normal form, we define the complete kernel of F' as
F* = (A, R*) with

R* ={(S,a) € R | (S,a) is active in F}U
{(S;a) e R|AS"c Su{a):a€ 5, (5, a) € R}.

The complete kernel of an arbitrary SETAF F' is the complete kernel of the normal form of F'.

For admissible semantics, we extend the complete kernel by additionally removing inactive
attacks (S, a) where the attacked argument a defends itself against S. Notice that self-defense is
not sufficient for removing an inactive attack in the complete kernel since inactive attacks must be
additionally taken into account for determining whether arguments outside of an admissible set T’
are defended by this set 7'.

Definition 13. For a SETAF F = (A, R) in normal form, we define the admissible kernel of F' as
F% = (A, R%*) with

R* ={(S,a) € R | (S,a) is active in F}U
({(S,a) e R|BS' c Su{a} :a € S and (S',a) € R}N
{(S,a) € R| P € S such that ({a},b) € R}).

The admissible kernel of an arbitrary SETAF I is the admissible kernel of the normal form of F.

Example 1. Consider the SETAF F' = (A, R) from Figure 4, which shows F together with its
complete and its admissible kernel. Attacks which are colored in red are inactive. The complete
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kernel F°* is constructed by removing the inactive attack ({d, e}, c) since c is attacked by {c, d},
i.e. by a subset of {c,d, e}. In the admissible kernel F* also the attack ({a, b}, c) can be removed,
since c defends itself by attacking the argument a. Observe that the set {e} is admissible and
complete in both F and F* but {e} is not complete in F'** since e defends c in F*,

Before showing our characterisation for strong equivalence we clarify the relation between the
introduced kernels. Observe that F** C F'** by definition.

Lemma 6. For any two SETAFs F, G in normal form, (a) F** = G implies F'** = G** and (b)
F = G implies F** = G and F** = G*".

Proof. We will show (a) and omit the proof of (b) due to space limits. Assume that F'%* = G,
We show that F** C G**, the other direction is by symmetry. Let (S,a) € R(F**). We show that
(S,a) € R(G*).

Towards a contradiction, assume (S, a) ¢ R(G**). First note that we can assume that (S, a) is
active in F'. In the case (S,a) € {(S,b) | 3(S,c) active in F,b,c € S}, there is an active attack
(S,b) € R(F),b € S, and (S,b) ¢ R(G®*) (otherwise there is an active attack (S,c) € R(G),
c € S, and therefore (S, a) € R(G**), contradiction).

By definition of F%*, we get that (S, a) € F®, and therefore (S, a) € R(G) by assumption.
Thus (S, a) € R(G) and (S, a) is inactive (since (S, a) ¢ R(G**)). By Lemma 2, there is an active
attack (S,b) € R(G) such that S’ C S, b € S. Thus we conclude that (S’,b) € R(G™) (by
definition of the admissible kernel) (S’,b) € R(F*) (by assumption F** = G) and therefore
(S',¢) € R(F'), making the attack (S, a) inactive in F', contradiction. O

Two SETAFs are strongly equivalent w.r.t. com semantics iff their complete kernels coincide.
Likewise two SETAFs are strongly equivalent w.r.t. adm, pref, or sem semantics iff their admissible
kernels coincide. The proofs proceed in a similar way as for stable kernels.

Lemma 7. For any SETAF F = (A, R), com(F) = com(F), and o(F) = o(F%) for 0 €
{adm, pref, sem}.

The next lemma states that if two SETAFs have the same kernel then their extensions with an
arbitrary SETAF H will also agree on their kernels.

Lemma 8. Let F,G be SETAFs in normal form. For all SETAFs H, (a) if F* = G then
(FUH)* = (GUH)®* and (b) if F** = G then (F U H)® = (G U H)*.

Using the previous lemmas one can show that two SETAFs F', GG are strongly equivalent w.r.t.
complete semantics iff their complete kernels coincide. It can be shown that the conditions are also
necessary and characterize other notions of equivalence as well.

Theorem 2. For any two SETAFs F, G, the following are equivalent: (a) F =" G; (b) F ="
G, (c) F =" G, (d) F =X G (e) Fek = Gek,

Similarly, any two SETAFs F', G’ with the same admissible kernel are strongly equivalent w.r.t.
admissible, preferred and semi-stable semantics.

12



Theorem 3. For any two SETAFs F, G and for o € {adm, pref, sem}, the following are equivalent:
(a) F =2 G; (b) F =% G; (c) F =9, G; (d) F =%, G; (e) F** = G,

Due to space limits, we shall omit the proofs of the above theorems. Instead, we highlight
central constructions and sketch the main arguments. The proofs proceed in the same way as the
proof of Theorem 1, i.e. first we use the Lemmas 7 & 8 to show (e¢) = (a). To show —(e) = —(d),
we assume that the kernels of F' and G differ and then construct an AF H such that o(F U H) #
o(G U H). This again requires a case study where the crucial new arguments are for the cases
where the argument sets of the kernels coincide but there is an inactive attack (S, a) which is just
present in the kernel of F' but not in the kernel of GG (or vice versa). W.l.o.g. we can assume that
(S, a) is a minimal such attack. We sketch the case where a ¢ S below. There we use the following
AF

H =(A(F)U{c,d}, {(c;b) [ b e A(F) \ (SU{a})}U
{(d,d),(d,b) | be S}).

Note that, as (.5, a) is inactive, .S contains an attack (S’, b) for some S’ C S, b € S. For admissible
kernels the set {a, ¢} is not admissible in F' U H as the argument « is not defended against S. On
the other hand, it can be shown that {a, ¢} is admissible in G U H: Clearly, {a, ¢} is conflict-free;
moreover, the argument ¢ defends a in G U H against every attack where the source-set contains
arguments from A(F) \ (SU {a}). It can be shown that there is no attack (7, a) with 7' C SU {a}
using the definition of admissible kernels and the fact that (.5, a) is minimal among the attacks in
the symmetric difference of the kernels F' and G. For complete kernels, {c} is complete in F' U H
as a is not defended against S. On the other hand, we have that {c} is not complete in G U H
since one can show that ¢ defends a using the definition of complete kernels and the fact that the
kernels of F' and GG coincide on smaller attacks. That is, for both kernels the AF H is a witness of
F #7 . G for the corresponding semantics o.

5 Conclusion

In this work we considered strong equivalence for SETAFs under admissible, complete, preferred,
stable, semi-stable and stage semantics. Strong equivalence between SETAFs can be characterized
by computing so-called kernels and comparing them on a syntactical level. By that, strong equiva-
lence for the considered semantics can be tested in polynomial time. Moreover, the SETAF kernels
are generalizations of the respective kernels in the AF setting, in the sense that when applied to
AFs our kernels coincide with the ones from [13]. Given the relations between kernels for SETAFs
F, G we obtain that the strong equivalence notions of the different semantics coincide as follows:
F="QG& F = and F =" Ge F =G F =G Moreover, (a) whenever
F =" G then also F' =7 G for all o € {adm, pref, stb, sem, stage}, and (b) whenever F' =7 G
for 7 € {adm, pref, sem} then also F' =9 G for all o € {stb, stage}.

One finding based on the kernels is that strongly equivalent SETAFs necessarily coincide w.r.t.
their set of arguments, which is in accordance with the results for Dung AFs. However, we iden-
tified classes of attacks that can be removed without affecting strong equivalence. Notice that
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this goes beyond the notion of redundant attacks in SETAFs from [14]. In particular a significant
difference between the SETAF setting and the AF setting appears when we consider frameworks
without self-attacks. For AFs without self-attacks the kernels coincide with the initial AFs while
for SETAFs the kernels, even in absence of self-attack, remove (certain) inactive attacks. The
reason for this is that the only way to deactivate an attack in AFs is to make the source argument
self-attacking while in SETAFs there several ways to produce a conflict in the source set of an
attack.

One direction for future work is to extend our results to further semantics as ideal, eager and
grounded semantics. Notice that although grounded semantics is closely related to admissible
and complete semantics neither the admissible nor the complete kernel are suitable to characterize
strong equivalence w.r.t. grounded semantics. This is immediate by the corresponding results of
AFs where the grounded kernel is different from all the other kernels [13]. Another direction for
future research are generalizations of alternative notions of equivalence that have been investigated
for AFs, e.g. the recently introduced notion of C'-relativized equivalence [4].
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A Technical Appendix

We provide full proofs for the main results of the paper. To that end, we first discuss basic proper-
ties of the considered semantics in SETAFs.

Proposition 2. For a SETAF F and its minimal form G we have F' =, G for o € {adm, stb,
pref, com, stage, sem}.

Proof. For o € {cf,adm, stb, pref,com, grd} this is by [14, Thm. 4.2.5].

o € {stage,sem}: As cf and adm are preserved it remains to show that SE( ) = S;!(G) for
all S C A As R(G) C R(F) we immediately obtain that Sy ) 2 Sy . Now towards a

contradiction assume that there is an argument a € SE( ) such that a Z SE(G). That is, there is
an redundant attack (S,a) € R(F') and thus also an non-redundant attack (S’,a) € R(F) with
S' C S. Butthen (5',a) € R(G) and a € S}, a contradiction. Thus, Sj . = Sj for all
S C Aand hence F' =, G for o € {stage, sem}.

0

Proofs of Section 4.2

Lemma 5 (restated). Let ' = (A, R U {(S,a)}) and let (S,a) be reducible in F.
Furhter, let G = (A, R U {(S \ {a},a)}). Then o(F) = o(G) for all semantics 0 €
{cf, adm, pref, sem, com, stb, stage}.

Proof. Since S is conflicting in both F" and G we have that S ¢ T for each conflict-free set 7" in
F and in G, consequently (1) ¢f(F) = cf(G).

Furthermore, (2) for each conflict-free set ' € ¢f(F) = ¢f(G) we have T/ = T/ . Observe
that 75 = T/ if S\ {a} € T: Inthatcase S ¢ T and S\ {a} ¢ T and therefore a € T, iff there
is U C T with (U,a) € Riff a € T;. We show that S\ {a} ¢ T By reducibility of (S,a) there
exists S C S\ {a}, b € Ssuchthat (S’,b) € R. Inthe case b = a, we have that (.5, a) is redundant
in F'and (S \ {a}, a) is redundant in G, in both cases witnessed by the attack (S, a). Removing
both redundant attacks yields the same framework (A, R) and does not change the semantics, thus
the statement follows. In the case b # a, we have that S \ {a} is conflicting in F" and in G and
therefore S\ {a} € T for each conflict-free set 7. Consequently, T = T..

Moreover, (3) each conflict-free set T € ¢f(F') = c¢f(G) defends the same arguments in F' and
in G. First note that for each attack (U,b) € R and for each b € A, we have that 7" defends an
argument b against (U, b) in F iff T defends b against (U, b) in G since T/ = T, . We show that
a is defended by T" against (S, a) in F'iff a is defended by T against (S \ {a},a) in G. Clearly, if
T attacks ¢ € S\ {a}, then T attacks ¢ € S. Now let T’ defend a in F against (.5, a), then there is
c € S,T" C T suchthat (7”,¢) € R. By conflict-freeness of 7" we have that ¢ # a (otherwise it
exists d € T", T" C T such that (7”,d) € R), thus ¢ € S\ {a} and therefore a is defended by T
in G against (S \ {a},a).
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By (1) and (3) it follows that admissible and complete sets coincide. As a consequence,
pref(F') = pref(G). Furthermore, sem(F') = sem(G), stage(F') = stage(G) and stb(F') = stb(G)
since T = T by (2). O

Proposition 1 (restated). For a SETAF F' and its normal form G, FF =7 G for 0 €
{adm, pref, sem, com, stb, stage}.

Proof. Let R be the set of reducible attacks in F', let ' = {(S \ {a} | (S,a) € R} and consider
an arbitrary SETAF H. The attacks in R are also reducible in /' U H. Thus, by Lemma 5,
o(FUH)=0(FUH\ R)UR') =0(GU H), and therefore F' =7 G. O

Proofs of Section 4.3: Admissible Kernel

We will frequently make use of the following technical lemma.

Lemma 9. Given a SETAF F in normal form. For each (S, a) € R(F) either (a) (S,a) € R(F*)
or (b) there is an attack (S', a) € R(F*) with S’ C SU{a},a € S" or (c) thereis b € S such that
({a},b) € R(F*).

Proof. Towards a contradiction let (S, a) € R(F’) be an attack violating the condition and assume
that |7 U {a}| is minimal among all such attacks. That is (S,a) ¢ R(F°*) and there is no S’ C
S U {a} with a € S’ such that (S’,a) € R(F*) and for all b € S, ({a},b) ¢ R(F). Since
(S,a) ¢ R(F®) we have that (S, a) is inactive in F' and (1) there is S’ C S U {a}, a € &
and (S’,a) € R(F) or (2) there is b € S such that ({a},b) € R(F). If (1) holds then we have
|S" U {a}| < |S U {a}| and thus either (a) (S’,a) € R(F®) or (b) there is a (S”,a) € R(F)
with $” C S’ U {a} and a € S” or (c) there is b € S’ such that ({a},b) € R(F*). In case (a)
and (b) we satisfy that there is an attack (T, a) € R(F) with T C S U {a}. In case (c) we have
that ({a},b) € R(F) for some b € S. That is, we have obtained a contradiction to our initial
assumption in every case (a), (b), (c). Now assume that (2) holds. Note that ({a},b) ¢ R(F) iff
({a},a) € R(F) and {({b},a), ({b},b)} N R(F) # O (by definition of F'**). But then ({a},a) €
R(F*), violating our initial assumption.

0

Lemma 10 (cf. Lemma 7). For any SETAF F = (A, R) in normal form, o(F) = o(F%) for
o € {adm, pref, sem}.

Proof. We first show that (1) cf(F) = cf(F*): cf(F) C cf(F*) since R(F) C R(F). Let
Fect = (A, R*) be the active fragment of F, i.e. A = A(F%) and R* = {(S,a) € R(F) |
(S,a) active inF'}. Then cf(F**) = cf(F*). If T ¢ cf(F*") then exists an attack (S,a) €
R(F**) such that S C T and a € T. If (S, a) is active, then T' ¢ F; else (S,a) € {(S,b) |
(S, ¢) activein F,c € S,b € S}, therefore there is an active attack (.5, ¢), ¢ € S, and thus T’
is not conflict-free in %!, Since F* C F* and since cf(F) = cf(F**) by Lemma 3, we get
cfIF™) C cf(F).
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Furthermore we show that (2) for each set S € ¢f(F), S p) = Sp pary: Let a € Sg ). Then
there is an attack (S’,a) € R(F') such that S” C S. Notice that (S’ a) is active since it is not
conflicting, thus (S’,a) € R(F**). Furthermore, S Rrary S S since R(F*) C R(F).

We show that adm(F) = adm(F°): First, let T € adm(F). By (1), T is conflict-free in
F . We show that each argument a € T is defended by 7" in F°*. Let (S,a) € R(F), then, as
R(F®) C R(F)andT € adm(F), we have anargumentb € S withb € T .. By (2),b € Ty o)
and thus T" defends itself against (S, a) in F®*. Hence, T € adm(F°*). Now, let T € adm(F*).
By (1), T is conflict-free in F. Let a € T and let (S,a) € R(F). If (S,a) € R(F), then
we are done, since a is defended by some active attack (17,b) € R(F) C R(F); else (S, a) is
inactive and there exists (77,a) € R(F) with 7" C T U {a} and a € T" or there exists b € S
such that ({a},b) € R(F'). The former case implies that 7" is conflicting which contradicts the
conflict-freeness of 7'. Thus ({a},b) € R(F') for some b € S, i.e. a defends itself against S.

sem(F) = sem(F**) follows from (2) and since the admissible sets coincide. Furthermore,
pref(F) = pref(F°*) follows directly from adm(F) = adm(F*).

]

Lemma 11 (cf. Lemma 8). Let F' and G be SETAFs in normal form such that F** = G Then,
(FUH)™ = (G U H)® for all SETAFs H.

Proof. Let F* = G% . We show that (F' U H)® C (G U H)® (the other direction is symmetric).
Let (S,a) € R((F U H)®).

First consider the case (S, a) is active in F'U H. Then (S,a) € (F U H)**. By Lemma 6,
Fsk = G moreover by Lemma 4, (F U H)** = (G U H)**, therefore (S,a) € (G U H)*.
We show that (.S, a) is active in G U H. Towards a contradiction, assume that (S, a) € {(5,b) |
(S,c) activein GUH,b € S,c € S}and (S, a) notactive in GUH. Then thereis (S,b) € R(GUH)
with b € .S such that (.S, b) is active in G U H. Notice that (S, a) ¢ G U H since (S, a) is not active
in G U H. Since (S,a) ¢ H, we can conclude that (S,a) € F. But then (S,a) € F* = G,
contradiction to (S, a) ¢ G. Hence, as (S, a) is active in G U H, we obtain (S,a) € (G U H)*.

Now, let (S, a) be inactive in F'U H. Then (1) there isno S C S U {a} with a € S’ such that
(S,a) € R(FUH) and (2) ({a},b) ¢ R(FUH)forallb € S.

We show that (S,a) € R(G U H). Towards a contradiction, assume that (S,a) ¢ R(G U
H). Then (S,a) ¢ R(H), (S,a) € R(F) and (S,a) ¢ R(F) (otherwise (S,a) € R(G) by
assumption F'* = (G%%). But then also (S,a) ¢ R((F U H)%) since R((F U H)*) N R(F) C
R(F*), contradiction to our initial assumption.

Note that (.5, a) is neither redundant nor reducible in GUH: If (S, a) is redundant in GUH then
thereis (S’,a) € R(GUH) with 8" C S. If (5’,a) € R(H) then (5, a) is redundant in R(F U H),
contradiction; else (S',a) € R(G) and therefore either (S’,a) € R(G) or there is an attack
(8" a) € R(G®) with S” C S’ U{a}, a € S” or there is b € S’ such that ({a},b) € R(G).
By assumption F'** = G this would imply that either (S, a) is redundant in /' U H or we have a
contradiction to (1) or (2). If (S5, a) is reducible in G U H, then a € S and there is S C S\ {a},
b € Ssuchthat (5',b) € R(GU H). Again, (5',b) € R(G), and thus there is a conflictin S\ {a}
in G% by Lemma 9. By assumption F'** = (%% we conclude that (S, a) is reducible in ' U H,
contradiction.
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By Lemma 9, either (a) (S, a) € R((GUH)®) or (b) there is an attack (S’,a) € R((GU H))
with ' C SU {a},a € S’ or (c) there is b € S such that ({a},b) € R((G U H)®™). In case (a)
we are done. If (b) holds then (5, a) € R(G), otherwise (S’,a) € R(F U H), contradiction to
(1). By Lemma 9 we have that either (S’,a) € R(G) or there is an attack (S”,a) € R(G)
with S” C S’ U {a},a € S” or there is b € S’ such that ({a},b) € R(G). Since F** = G,
we get a contradiction to (1) if the first or the second case applies; in the latter case we have that
({a},b) € R(F), contradiction to (2). If (c) holds we have that ({a},b) € R(G), thus either
({a},b) € R(G) or ({a},a) € R(G), both is in contradiction to (2).

0

Theorem 3 (restated). For any two SETAFs F, G and for o € {adm, pref, sem}, the following are
equivalent: (a) F' =7 G;(b) F =2 G; (c) F =7, G; (d) F =2, G; (e) F'** = G*.

Proof. Let o € {adm, pref, sem}. By definition (a) implies (b) and (c). Likewise, (b) implies (d)
and (c) implies (d). It remains to show (1) F%* = G implies F' =7 G and (2) F'** # G implies
F #7 , G. By Proposition 1 we can assume that both /" and G are in normal form.

(1) Let F** = G and let S € o(F U H) for H arbitrary. We show that S € o(G U H): By
Lemma 7, 0(FUH) = o((F U H)%). By Lemma 8, we get that S € o((G U H)%) and therefore
S € 0(G U H), again by Lemma 7. By symmetry we get that F' =7 G.

(2) Now, suppose that F* £ G%. We show F #%m G. In case o(F™) # o(G™) we
are done: By Lemma 7, we get that o(F') # o(G) and therefore F' #7, GG. Thus we assume
o(F%) = o(G*).

First, we consider the case A(F) # A(G®). This implies A(F) # A(G). W.lo.g., let
a € A(F)\ A(G). Notice that a ¢ S for all S € o(F) since o(F%) = o(G) by assumption.
Let H = ({a},0). Then {a} € adm(G U H). Moreover, a € S for all S € o(G U H) for
o € {pref, sem}: First note that « € S for all S € pref(G U H) since a is not attacked in G U H.
But then a € S forall S € sem(G U H) since sem(G U H) C pref(G U H). On the other hand, we
have o(F U H) = o(F), thus F #7, G for o € {adm, pref, sem}.

Now, suppose A(F*) = A(G) (and therefore, A(F) = A(G)) and R(F*) # R(G%).
W.Lo.g. there exists (S,a) € R(F®)\ R(G®) such that there is no (5’,b) € R(G™) \ R(F*)
such that | 5" U {b}| < |S U {a}| (otherwise exchange the roles of F' and G).

We distinguish the following cases: (1) (S, a) is active in F'and a & S (2) (S, a) is active in F'
and a € S (3) (S, a) is inactive in F'and a ¢ S (4) (S, a) is inactive in F' and a € S

1. Let (S,a),a ¢ S beactive in F'. As (S, a) is active we can conclude that S is not conflicting
in F. For a fresh argument ¢, we define

H = (A(F) U{c}, {(a,0)} U{(c,0) [ b€ A(F)\ (SU{a})}).

Then £ = S U {c} is stable in F' U H: FE is conflict-free and attacks all arguments in
A(F) \ E by construction. Thus £ € o(F' U H) for o € {adm, pref, sem}. Observe that E
is not admissible (thus also not preferred and semi-stable) in G U H, since (S, a) ¢ R(G)
forall S’ C S, but (a,c) € R(G U H). Therefore o(F'U H) # o(G U H).
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2. Let (S,a),a € S be active in F. For fresh arguments ¢, d, we define
H = (A(F) U{c,d} {(c,b) [ b€ A(F)\ S} U{(d,d),(d,b) | b€ S\{a}}).

We have £ = {a,c} ¢ adm(F U H), since a is not defended against S in F'. However,
E € adm(G U H). E is conflict-free by construction (note that ({a},a) ¢ R(F') otherwise
(S, a) is redundant in F, and thus ({a},a) ¢ R(G) by minimality assumption). It remains
to show that £ defends itself in G. By construction all arguments outside of S U {c} are
attacked, thus a is defended against each attack (T, a) with TU(A(G)\S) # 0. Now assume
there is (7, a) € R(G) such that T C S (note that 7" # S by assumption (S5, a) ¢ R(G)).
Then there exists an active attack (7”,b) € R(G) such that 7" C T'and b € T U {a}. If
T" = S\ {a}and b = q, ie. if (S\ {a},a) is active in G then consider case (1). Else
7" U {b}| < |S U {a}| and therefore (1”,b) € R(F*) by assumption, which makes (.5, a)
inactive in F', contradiction. Moreover, F is the unique preferred extension in G U H. Note
that ¢ € T for all T' € pref(G U H) as c is not attacked in G U H and ¢ defends no other
argument than a by construction. Thus also £ € sem(G U H). Therefore o(F U H) #
o(G U H) for o € {adm, pref, sem}.

3. Let (S,a),a ¢ S be inactive in F. For fresh arguments ¢, d, we define

H = (A(F) U {c,d}, {(c,0) [ b€ A(F)\ (SU{a})} U{(d,d), (d,b) | b€ 5)}).

Then E = {a,c} is not admissible in ' U H as the argument « is not defended against
S. On the other hand, F is admissible in G U H. E is conflict-free: (a,c), (c,a) ¢ R(G)
by construction. Now assume (a,a) € R(G). But then [{a}| < |S U {a}| and therefore
(a,a) € R(F°), contradiction to (S,a) € R(F). We show that E defends itself: Towards
a contradiction assume that a is not defended by E. Then there is an attack (7,a) € R(G)
such that 7 C S U {a} and wlog T is minimal. By Lemma 9 either (a) (T,a) € R(G) or
(b) thereis an (T, a) € R(G*) with T’ C TU{a} and a € T’ or (c) there is b € T such that
({a},b) € R(G). If (c) holds then we are done since in that case a defends itself against
T in . Thus assume that there is no such attack in R(G).

e Assume a ¢ T, ie. T C S. If (a) holds then (7,a) € R(F) which contradicts
(S,a) € R(F) as F' does not contain redundant attacks. In case (b) (7",a) € R(F)
what contradicts (S, a) € R(F).

e Assume a € 7. If (a) holds then we have (T,a) € R(F). If T = S U {a} this
is in contradiction to F' being in normal form. Otherwise if 77 C S U {a} this is in
contradiction with (S,a) € R(F). In case (b) we have (1”,a) € R(F) what is a
contradiction to (S, a) € R(F).

Moreover, E is the unique preferred extension in G U H and thus also E € sem(G U H).
Therefore o(F'U H) # o(G U H) for o € {adm, pref, sem}.
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4. Let (S,a),a € S be inactive in F'. As F'is in normal form. We know that S\ {a} € ¢f(F).
For fresh arguments c, d, we define

H = (A(F)U{c,d}, {(c,0) [ be A(F)\ (SU{a})} U{(d,d),(d,b) | be S\{a})}).

Then E = {a, ¢} is not admissible in F'U H as the argument a is not defended against S. On
the other hand, F is admissible in GU H. We show that ¢ defends a: Towards a contradiction
assume that there is an attack (7',a) € R(G) such that 7' C S and wlog 7" is minimal. By
Lemma 9 either (a) (T',a) € R(G*) or (b) there is an (1", a) € R(G®) with T" C T U {a}
and a € T or (c) there is b € T such that ({a},b) € R(G). In case (a) either T = S
and thus (S,a) € R(G) or [T U {a}| < |S U {a}| and thus (T,a) € R(F). In former
case we have a contradiction to the assumption (S, a) ¢ R(G) in the latter case we have
contradiction as (5, a) would be redundant in F. In case (b) |77 U {a}| < |S U {a}| and
thus (7”,a) € R(F'). Again we have contradiction as (S, a) would be redundant in F'. In
case (¢) a defends itself against 7. Moreover, E € pref(GU H) and E € sem(G U H), thus
o(FUH) # o(GUH) for o € {adm, pref, sem}.

In all cases, we found a witness H for ' £, G. O

Proofs of Section 4.3: Complete Kernel

We will frequently make use of the following technical lemma.

Lemma 12. Given a SETAF F in normal form. For each (T,a) € R(F) either (T,a) € R(F)
or there is an attack (S’,a) € R(F*) with ' C T U {a},a € S'.

Proof. Towards a contradiction assume there are attacks that violate to condition of the lemma
and let (7, a) € R(F') be an attack violating the condition such that |7"U {a}| is minimal. That is
(T,a) € R(F%*) and thus there is (U, a) € R(F) withU C TU{a}. We have [UU{a}| < |TU{a}|
and thus either (U,a) € R(F) or there is a (V,a) € R(F*) withV C UU {a} anda € V.
In both case we satisfy that there is an attack (S’,a) € R(F*) with S’ C T U {a}. That is , we
have obtained a contradiction to our initial assumption that (7, a) € R(F') violates both of the
conditions. ]

Next, we prove the part of Lemma 6 that was omitted in the main text.

Lemma 13. For any two SETAFs F, G in normal form, F* = G implies F** = G° and
Fsk — GSk.

Proof. Suppose F* = G* and let (S, a) € F**. We show (S, a) € G*.

First note that (S,a) € F since F'** C F°, and therefore (S,a) € G by assumption.
Suppose (S, a) ¢ G, i.e. (S, a) is inactive in G and either (a) there is some S’ C SU{a},a € S
and (5',a) € R(G) or (b) ({a},b) € R(G) for some b € S U {a}. If (a) applies then (S, a) ¢
R(G°*), thus we assume (b). Furthermore notice that b # a, otherwise (S, a) ¢ G°*. By Lemma 2,
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there is an active attack (S’,c¢) € R(G) such that S’ C S and ¢ € S. But then (S',¢) € G*
and therefore (S’ c¢) € F, thus (S, a) is inactive in . Moreover, since ({a},b) € R(G) for
some b € S and therefore ({a},b) € R(F*) by assumption, we have that ({a},b) € R(F) for
some b € S. Thus (S, a) is inactive in F" and ({a},b) € R(F) for some b € S, contradicting the
assumption (S, a) € F¥,

By symmetry it follows that F'** = G, By Lemma 6, F** = G** follows. [l

Lemma 14 (cf. Lemma 7). For any SETAF F = (A, R) in normal form, com(F) = com(F).

Proof. First observe that F** C F°* C F and therefore cf(F*) D c¢f(F*) D c¢f(F). Since
cf(F™) = ¢f(F) by Lemma 7, we get (1) ¢f(F¢/) = ¢f(F). By inspecting the proof of Lemma 7
we obtain that (2) for each set S € c¢f(F), S;g( P = SE( Fek)-

We show that com(F) = com(F): First, let T € com(F). By (1), T is conflict-free in .
We show that each argument a € T is defended by T in F*. Let (S,a) € R(F%), then, as

R(F*) C R(F)and T € com(F), we have ab € S with b € Ty pry. By (2), b € T} i) and
thus 7' defends itself against (S, a) in F°*. Hence, T' € adm(F*). Now consider an argument a
defended by T"in F'*. Let (S,a) € R(F) we have that either (a) (S,a) € R(F) or (b) there is
an attack (S’,a) € R(F*) with S’ C SU {a} and a € S'. In both cases, as T defends a in F**
there is an argument b € S with b € T;{( pek)- By (2),b € T;g( ) and thus T defends a against (S, a)
in F. That is each argument a defended by 7" in F°* is also defended by T in F and thus, by the
assumption 7" € com(F'), contained in T'. Hence, T' € com(F").

Now, let T € com(F*). By (1), T is conflict-free in F'. Let a € T and let (S, a) € R(F). We
have that either (a) (S,a) € R(F) or (b) there is an attack (S’,a) € R(F*) with S’ C S U {a}
and a € S’. Thus there is some b € S with b € Tg(FC,C). By (2), b € TIJ{(F) and thus 7" defends a
against (S, a) in F. Hence, T' € adm(F'). Now consider an argument a defended by 7" in F'. Let
(S,a) € R(F*) we have that (S,a) € R(F). As T defends a in F there is an argument b € S with

b e T;{( m- By (), be TIJ{( Fek) and thus T defends a against (S, a) in F'°*. That is each argument

a defended by T in F is also defended by T in F°* and thus, by the assumption 7' € com(F*),
contained in T'. Hence, T € com(F). O

Lemma 15 (cf. Lemma 8). Let I and G be SETAFs, such that F* = G, Then, (F U H)* =
(G U H)* for all SETAFs H.

Proof. Obviously A((F U H)*) = A((G U H)*). It suffices to show R((F' U H)*) C R((G U
H)*), the reverse set inclusion follows by symmetry. Thus consider some (S, a) € R((FU H)%*).

Let us first assume that (.S, a) is inactive. We first show that (S,a) € R(G U H). If (S,a) €
R(H) this is obviously true. Otherwise if (S, a) € R(F) we have that (S,a) € R(F®*) = R(G%)
and thus (S,a) € R(G U H). Now either (S,a) € R((G U H)%*) and we are done or there is
(8',a) € R(GUH)®*) witha € §' C SU{a}. If (S',a) € H then (S,a) ¢ R((FUH)) and thus
(S',a) € G. Hence either (S, a) € R(G**) = R(F**) or there is an (S”,a) € R(G**) = R(F**)
with a € S” C S’ U {a}. In both case we have (S,a) ¢ R((F U H)), a contradiction. Thus we
have (S,a) € R((G U H)%*).
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Now assume (S, a) active in F'U H. Then (S,a) € (F U H)®. By Lemma 6, F'** = G,
moreover by Lemma 8, (F U H)%* = (G U H)®, therefore (S,a) € (G U H)®. By inspecting
the proof of Lemma 8 we obtain that (S, a) is also active in G U H. Hence, as (5, a) is active in
G U H, we obtain (S,a) € (GU H)*.

O

Theorem 2 (restated). For any two SETAFs F, G, the following are equivalent: (a) ' =" G;
(b) F =com G (C) F = _com G (d) F = _com G (e) Fck Gck

Proof. By definition (a) implies (b) and (c). Likewise, (b) implies (d) and (c) implies (d). It
remains to show (1) F** = G implies FF =" G and (2) F** # G implies F' £¢" G. By
Proposition 1 we can assume that both F' and G are in normal form.

(1) Let F* = G°* and let S € com(F U H) for H arbitrary. We show that S € com(G U H):
By Lemma 7, com(F U H) = com((F U H)*). By Lemma 8, we get that S € com((G U H)*)
and therefore S € com(G U H), again by Lemma 7. By symmetry we get that /' =" G.

2) Now, suppose that F'** £ G*. We show F #%" (3. In case com(FCk) # com(G) we are
done: By Lemma 7, we get that com(F') # com(G) and therefore F' £ G. Thus we assume
com(F*) = com(G).

First, we consider the case A(F'*) # A(G). This implies A(F) # A(G). W.lo.g., let
a € A(F)\ A(G). Notice that a ¢ S for all S € com(F%*) since com(F*) = com(G) by
assumption. Let H = ({a},0). Then a € S for all S € com(G U H), as a is not attacked at all in
G'U H. On the other hand, we have F'U H = F' and thus com(F' U H) = com(F'), thus F' %" G.

Now, suppose A(F*) = A(G) (and therefore, A(F) = A(G)) and R(F) # R(GC’“).
W.Lo.g. there exists (S,a) € R(F)\ R(G) such that there is no (S’,b) € R(G®*)\ R(F)
such that | 5" U {b}| < |S U {a}| (otherwise exchange the roles of F' and G).

We distinguish the following cases: (1) (.5, a) is active in F' and a &€ S (2) (S, a) is active in F’
and a € S (3) (S, a) is inactive in F'and a ¢ S (4) (S, a) is inactive in F' and a € S

1. Let (S,a),a ¢ S beactive in F. As (S, a) is active we can conclude that S is not conflicting
in F. For a fresh argument ¢, we define

H = (A(F) U {c} {(a,0)} U{(c,b) | b € A(F)\ (S U {a})}).

Then E = SU{c} is stable in F'UH: E is conflict-free and attacks all arguments in A(F')\ E
by construction. Thus E € com(F U H). Observe that F is not admissible in G U H, since
(S',a) ¢ R(G) forall " C S, but (a,c) € R(GUH).

2. Let (S,a),a € S be active in F. For fresh arguments ¢, d, we define

H = (A(F) U{c,d}, {(c,0) [ b e A(F) \ S}U{(d,d),(d,b) | b€ S\ {a}}).

We have £ = {a,c} ¢ com(F U H), since a is not defended against S in F. However,
E € com(GUH). E is conflict-free by construction. E defends itself in G: By construction
all arguments outside of S U {c} are attacked, thus a is defended against each attack (7', a)
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with T U (A(G) \ S) # 0. Now assume there is (7,a) € R(G) such that T C S (note
that 7' # S by assumption (S,a) ¢ R(G)). By Lemma 2, there exists an active attack
(T",b) € R(G) suchthat 7" C T'and b € TU{a}. T = S\ {a} and b = q, i.c.
if (S'\ {a},a) is active in G then consider case (1). Else |7" U {b}| < |S U {a}| and
therefore (1",b) € R(F*) by assumption, which makes (S, a) inactive in F, contradiction.
Furthermore, F contains all arguments it defends, since c attacks all arguments in A(F') \ S
and E does not defend any argument b € S\ {a}.

. Let (S,a),a ¢ S be inactive in F'. For fresh arguments ¢, d, we define

H = (A(F) U{e,d}, {(c,0) [ b€ A(F) \ (SU{a})} U{(d,d), (d,b) | b€ 5)}).

Then {c} is complete in F' U H: c is not attacked at all, arguments in A(F') \ S are not
defended against ¢, arguments in S are not defended against d and a is not defended against
S.

On the other hand, {c} is not complete in G U H: We show that ¢ defends a. Towards a
contradiction assume that not. Then there is an attacks (7',a) € R(G) such that T C SU{a}
and wlog 7" is minimal.

e Assume 7' C S. Then either (T,a) € R(G) or there is an (S',a) € R(G®) with
S"c TU{a} and a € 5. In former case (T,a) € R(F') which contradicts (S, a) €
R(F) as F does not contain redundant attacks. In the latter case (S, a) € R(F') which
contradicts (S, a) € R(F%*).

e Assume a € T. Then either (T,a) € R(G) or (T,a) is inactive and there is an
(8',a) € R(G*) with S’ C T U{a} and a € S'. In the former case we have (T, a) €
R(F). If T = S U {a} this is in contradiction to F' being in normal form otherwise
if T C S U {a} this is in contradiction with (S,a) € R(F). In the latter case
(S’,a) € R(F) we have a contradiction to (S, a) € R(F).

. Let (S,a),a € S be inactive in F. As F'is in normal form. We know that S'\ {a} € ¢f(F).
For fresh arguments c, d, we define

H = (A(F) U{c,d}, {(c,0) [b e A(F)\ (SU{a})} U{(d,d),(d,b) | be S\ {a})}).

Then {c} is complete in F' U H: c is not attacked at all, arguments in A(F') \ S are not
defended against c, arguments in S are not defended against d and «a is not defended against
S.

On the other hand, {c} is not complete in G U H: We show that ¢ defends a. Towards a
contradiction assume that not. Then there is an attack (7', a) € R(G) such that T C S and
wlog T is minimal. Then either (a) (T,a) € R(G®) or (b) there is an (S',a) € R(GF)
with &' C T U {a} and a € S’. In case (a) either " = S and thus (S,a) € R(G) or
T U{a}| < |SU{a}|and thus (T,a) € R(F). In former case we have a contradiction to

25



the assumption (S, a) & R(G) in the latter case we have contradiction as (.S, a) would be
redundant in F'. In case (b) [’ U {a}| < |S U {a}| and thus (5’,a) € R(F). Again we have
contradiction as (S, a) would be redundant in F'.

In all cases, we found a witness H for F' %" G. O
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